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<= following tract was drawn up for the uſe of 
ſome young gentlemen in one of our Univerſi- 
ties. It is certainly with good reaſon that young 
ſcholars in our Univerſities are put upon the Study of 
Mathematics. But ſurely it is not ſo much for their 
intrinſic value, as their uſe in qualifying young men 
to reaſon juſtly on more important ſubjects. Religion 
is of more importance (here as well as hereafter) than 
either Algebra or Geometry. The Laws of the mo- 
ral world are a nobler ſubject, than the laws of the 
natural world, which reſpect only matter and motion. 
But it is of uſe for young men to exerciſe the reaſon- 
ing faculty, firſt of all on mathematical ſubjects; be- 
cauſe the ideas concerned (thoſe of numbers eſpecially) 
are very diſtinct, and falſe concluſions eaſily detected. 
Conſidering then the ſtudy of mathematics as intended 
to teach young perſons to reaſon; it ſeems abſolutely 
neceſſary that the Logical part ſhould be ſtrictly at- 
tended to. The firſt principles of every mathemati- 
cal Science ſhould be clearly laid down; the conſe- 
quences derived from them, ſtrictly demonſtrated. 
In Geometry we have an excellent treatiſe of this kind: 
the Elements of Euclid, which perhaps 1s the beſt 
book of Logic extant: But in Algebra we are not fo 
happy. If any where we might expect clear princi- 
ples 1a ſo eminent a teacher as Profeſſor Saunderſon. 
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— But the truth is, the elementary part of his treatiſe 
was haſtily drawn up. The friends of the profeſſor 
knowing he had given up the greateſt part of his life 
to the art of teaching ; 22 he had a complete 
treatiſe by him: He had only a ſet of Examples for 
learners, and diſſertations on ſome curious and diffi - 
cult ſubjects “. He had all the doctrinal part to draw 
up, when the book went to preſs; this too is vaſtly 
obſcured by the affectation of Myſterv, The Ele- 


mentary part is alſo clogged with many things, not 
I: kely to be of uſe in the common courſe of Acade- 
mical Studies. - 

Nac Laurin's Algebra is juſtly celebrated; and is 
indeed very uſeful to thoſe who ſludy the more diffi- 
cult parts of Algebra, ſuch as Equations of the higher 
orders, Infinite Series, &c. — But what reaſon is there 
tor putting young ſcholars in our univerſities, upon 
ſubjects ſo difficult, and of ſo little uſe in the ſtudy of 
Natural Philoſopay ? As much of Newton's Prin- 
cipta, as an undergraduate can, or cht, to read; 
may be underſtood without any acquaintance with 
Cubic Fquations, much lets thoſe of higher orders +, 
Mac Laurin ſeems to hurry over the elementary part, 
to get at theſe diſicult ſubjects, where he could dif- 


Play 

* His Method of Fluxions, is only a ſet of examples. — The 

writer of this ſpeaks from perſonal knowledge, being at that 

time 2 pupil of the profeſtor's and engaged with others, in read- 
ing ſome parts of the Princifia, 


+ The difficulties in Newton's Princi#ia do not, for the moſt 
part, ariſc from a want of {ill in pure mathematics. The Com- 
mentators, now not a few, will ſupply an algebraic flep that is 
vaating z or demonitrate 2 property of ſome figure, which New- 
ton, haſleniag to greater matters, tak's for granted. The dift- 
culty is in the Logic of his Pi:yfical arguments; generally very 
conciſe, He thought all would fee what he ſaw. And hence it 
is that we ſo often find converſe propoſitions neither proved, nor 
an hint of the proof gien. In one remarkable inſtance (Lib. I. 
rop. XIV. Cor. 1.) this was objected to him by ſome learned 
ſoreigners: Therefore in the laſt Ecition he has juſt hinted the 


proof; but ſo coaciicly ; that to moſt, it needs further explana- 
tion. 


r 5 
play his abilities. — No man can get any credit by 
making an Horn- book for the babes in Mathematics; 
though it may be an uſeful work. 

An apology may be neceſſary for dwelling ſo much 
on all occaſions, in this tract, on the nature and ule 
of the negative ſign. It is however the ſubject of a 
quarto volume publiſted by an excellent Mathemati- 
cian; One who has cxplained ſome of the abſtruſeſt 
parts of Algebra, on the cleareſt principles, and who 
is above valuing him{elt on a dexterity in the manuvre 
of a parcel of ſymbols, ſuch that no man can form an 
idea of what they repreſent“. It is with juſtice that 
Mr, Materes complains, It is by the introduction ot 
* needlels difficulties and myiteries into algebra, 
% (which for the molt part take their riſe from the 
s {uppolition of the exiſtence of quantities 4% 1 
&* nothing) that the otherwiſe clear and elegant ſcience 

te Ot 


® Some very great algebraiſts talk of „ extracting the g- 
bl: root of an impoſ/ible quantity, &c.” Theſe impoſſible quant- 
ties, have been made the ſubjeQ of arithmetical operations; and 
their ratios, their ſums, and their products have been compu:ed. 
What is moſt ſtrange; it is allowed on all hands, that juit conclu- 
ſions have been deduced in this way. In the Philoſophical Trani- 
actions, Vol. LXVIII. page 318, we find an ingenious enquiry 
(by Mr. P!ayfa.r) how this arithmetic of 1mpotible quantities 
comes to be of any uſe? How the unintelligible operations of 
Symbols for imagiaary quantities, ſhould yet lead to real truths, 
Mr. Playfair ſuppoſes that they become uſeful, becauſe they im- 
p'y Gmilar algebraic expreſſions in which no impoſſible quanti- 
ties are involved, and which expreſſions belong to other ſabjedts 
nearly related to thoſe, from the inveſtigation of which theſe im- 
poſſible quantities ariſe. — 'There are it ſeems, certain quantities 
in Mathematics, between which there is a wonderful aflinity ; fo 
that the algebraic expreſſions for the properties of the one; by a 
Night alteration, become the expreſſions for the properties of the 
other. This analogy is called by Mr. CoTes, the © Harmony 
between the Meaſures of Ratios and Angles.” It is only in theſe 
ſingular caſes that imaginary expreſſions lead to real truths ; and 
the inveſtigation is, at the bottom, only an argument from ana- 
10 and has no claim to the full and clear evidence of Demon- 

ation. 

In all theſe cafes both Mr. Maſezes and Mr. Playfair, have 
ſhewn, how the ſame concluſions may be drawn, without intio- 
Cucing any imaginary quantitics into the argument. 
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tt of algebra, has been clouded and obſcured, and 
« rendered diſguſting to numbers of men of a juſt 
« taſte for reaſoning; who are apt to complain of it 
and deſpiſe it on that account.” 


- Philoſophical Tranſactions, Vol, LXVIII. pag. 947. 


M A 


„ ae. 


E 


Containing the Doctrine of Vulgar Frafions. 


1. H E following treatiſe, deſigned for ſtudents 
in our univerſities, was thought imperfect 
without a ſhort ſummary of the doctrine of fractions. 
This is ſeldom taught in the ſchools of Arithmetic, 
but inſtead of it, a variety of rules, uſeful perhaps in 
trade, but not at all wanted in the ſtudy of the ſciences. 
What is here laid down is very ſhort, yet it is hoped 
ſufficient to inſtruct a learner in the ſenſe of every 
rule, and to give him ſome view of the reaſon of ir. 
The habit of performing the ſeveral operations rea- 
_ dily, can only be acquired by practice; and muſt be 
left to the learner's induſtry; bur it is abſolutely ne- 
ceſſary, that every ſtudent in Algebra, ſhould be ex- 
rt in theſe rules; as the rules for fractions in alge- 
ra are the very ſame as in arithmetic, For this rea- 
ſon, they are not taught over again, in the following 
treatiſe, but the learner 1s referred for them, to the 
rules for fractions in arithmetic, which it is ſuppoſed 
he has learned already. 

2, In common arithmetic, unity or one is the leaſt 
number which is the ſubject of the rules there deli- 
vered; but it is neceſſary on many occaſions to con- 
ſider arithmetical quantities leſs than one: to ſuppoſe 
unity to be broken into many equal parts, and to 
make a certain number of thoſe parts the object of 
conſideration, Such a number of equal parts :s call- 
ed a Fradlion. Its notation is made by two numbers, 
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one over the other under a ſtraight line. The number 
under that line is called the Denominator, and denomi- 
nates how many equal parts the unit is ſuppoſed to 
be broken into. The number above that line is 
called the Numerator, and ſignifies how many of thoſe 
equal parts, are reckoned up, or contained in that 
fraction. Thus one pound ſterling is ſuppoſed to be 
broken into 20 equal parts (called ſhillings) and in a 
crown are reckoned up or contained 5 of ſuch parts. 
It then we would conſider a crown, as a fractional 


part of one pound, it muſt be written down thus 555 


and it is read — Five twentieths of a pound, In like 


manner we write down three farthings, thus EN Sig- 
nify ing that the penny is ſuppoſed to be broken into 
4 equal parts, and that we take 3 of them in that 
fraction, and it is read Three fourths of a penny. 

3. It is evident that if we take into the value of a 
fraction a greater number of parts than the whole 
unit was originally broken into, we take more than 


the whole: fo 75 (Twenty one, twentieths) of a pound, 


is more than a pound; it is an intire pound, and one 
twentieth part of a pound over. Such a fraction, 
not being a part of a pound, but more than the 
whole, is called an improper fraction. In the ſame 
manner, if we take a number of parts exactly equal 
to that number into which the whole unit was origi- 
nally broken, we take the whole. And this allo is 


called an improper fraction. Thus _ of a pound is 


an intire pound. In general every fraction, whoſe 
Numerator and Denominator are equal, is equivalent 
to unity. | 

4. Hence if an improper fraction be propoſed, a 
queſtion will ariſe, What whole number, or what 
« whok number with ſome fraction beſides (called a 
0 * mixt 
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« mixt number) is equivalent to this improper frac- 
« tion.” The Rule is — Divide the numerator by the 
denominator, and the quotient is the integral part of the 
mixt number; make a fraction, whoſe numerator is the 
remainder (of this diviſion) and denominator the diviſor, 


and that will be the fraflional part. Thus 2 is equi 


valent or equal to 3 5 and 23 is the ſame in value 


as 9 integral, only expreſſed in the form of a fraction. 
- In other words — To divide any integer into 7 equal 
parts, and to take 63 fuch parts, is juſt the ſame as to 
take 9 integers. To divide a Lottery ticket into 7 
ſhares, and to take 63 ſuch ſhares, is in fact to take 9 
whole tickets. Hence the reaſon of the rule will ap- 
ar; for to divide 63 by 7, is to enquire how many 
evens there are in 63, and what remains over. As 
often then as the denominator is found in the nume- 
rator, ſo many integers or units there are in the value 
of that fraction; what remains over, are ſo many of 
the original fractional parts. 

5. Another queſtion ariſes out of this ſubject, the 
converſe of the former. A mixt number being pro- 
poſed, to find what improper fraction expreſſes the 
tame value, The rule is — Multiply the integral part 
by the denominator of the frattional part, and to the pro- 
duct add the numerator of the frattional part, and this ſuin 
ſhall be the numerator of the improper fraction ſoug/t ; 
under it ſubſcribe the denominator of the fractional part of 
the mixt number, for the denominator of the improper frac- 
tion ſought. Thus 3 - is equivalent to 2 The 
truth of chis will appear from conſidering, that every 
integer or unit, is equal in value to ſo many parts as 
it is broken into; that is, to ſo many fractional parts 
as are expreſſed by the denominator of the fraction. 

6. Every whole number may be conſidered as an 
improper fraction, whoſe numerator is that number, 


and 
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and whoſe denominator is unity or 1. Thus = means 


20 integers, or 20 units or 20. 

7. We ſhall now lay down the leading principles 
on which all the rules of fractions are founded, and 
which alſo are of great uſe on other occaſions, and 
therefore ſhall illuſtrate them by examples. 

8. The value of every whole, made up of a num- 
ber of equal parts, depends both on the magnitude 
and number of thoſe parts. If the number of parts 
in two inſtances are the ſame, but the magnitude of 
each part in one caſe is double, triple, &c. the mag- 
nitude of each part in the other; then the value of 
the whole in one caſe is double, triple, &c. the value 
of the whole in the other. Thus the value of ten 
ſhillings, is double the value of ten ſix- pences. 

9. Again, If the magnitude of each equal part in 
two inſtances is the ſame, but the number of parts in 
one caſe is double, triple, &c. the number of 
in the other; then the value of the whole in one caſe 
is double, triple, &c. the value of the whole in the 
other: Thus the value of ten ſix- pences is double the 
value of five ſix-pences. 

This may be otherwiſe expreſſed thus: 

10. If the magnitude of each equal part be in- 
creaſed while the number of parts remain the ſame, 
the value of the whole will be increaſed proportion- 
ably; and contrariwiſe. 

11. If the number of equal parts be increaſed, 
while the magnitude of each part remains the ſame, 
the value of the whole will be increaled proportion- 
ably ; and contrariwile, 

12. If any whole or integer is to be divided into a 
number of equal parts, then the value of one of thoſe 
parts depends partly on the magnitude of the whole 
to be ſo divided, and partly on the number of parts 
into which it 15 to be divided, 

13. If the number of equal parts into which the 


whole is to be divided in two inftances is the fame, 
| bur 
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but the magnitude of the whole in one caſe is double, 
triple, &c. the magnitude of the whole in another, 
then the value of each part in one caſe is double, tri- 
ple, &c. the value of each part in the other. Thus 
a ſixteenth ſhare of 20 pounds, is double a ſixteenth 
ſnare of 10 pounds. 

14. If the whole to be divided, is in two inſtances 
the ſame, but the number of equal parts into which 
that whole is to be divided, is in one caſe double, triple, 
&c. the number of parts into which that whole is to 
be divided in another, then the value of each part in 
one caſe is only one half, one third, &c. of the value 
of each part in the other, — increaſing the number of 
parts, decreaſing the value of each part, and contra- 
riwiſe. Thus a ſixteenth ſhare of a twenty pound 
prize is only half (in value) of an eighth ſhare of the 
lame prize. | 

This may be otherwiſe expreſſed thus : 

15. If the magnitude of the whole be increaſed, 
while the number of (equal) parts remain the ſame, 
the value of each part will be increaſed proportion- 
ably, and contrariwiſe. 

16. If the number of equal parts into which the 
whole is divided, be increaſed, while the magnitude of 
the whole remains the ſame, the value of each 
will be decreaſed proportionably, and contrariwiſe. 

17. Theſe principles cannot be proved, they want 
no proof. No one who underſtands their meanin 
will doubt of their truth. — Such truths as theſe (be- 
ing ſelf-evident) are called Axioms. 

18, Every Fraction is equivalent to the quotient 
of the numerator, divided by the denominator. In 
other words, — It is the ſame thing whether we take a 
ſingle integer, and divide it into ſo many parts, 4 for 
inſtance, and take 3 of thoſe parts, or whether we take 
3 ſuch integers, divide them into 4 parts, and take 
only one part, For in the former caſe, 3 of thoſe 
pou is three times as much as one of the ſame parts, 

ule their magnitude is the ſame, by par. 9, and in 
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the latter caſe, the one part taken is alſo 3 times as 
much as one of the parts in the former caſe; becauſe 
the magnitude of the whole to be divided in the lat- 
ter caſe, viz. 3 integers, is 3 times as much as the 
whole to be divided in the former caſe, viz. one inte- 
ger, by por: 13, Both theſe quantities therefore are 
equal; being each 3 times a quarter part of one inte- 
ger. And thus 3 quarters of one pound are equal to 
one quarter of 3 pounds. Both are juſt 3 times a 
quarter part of one pound. 

19. In diviſion in common arithmetic, the quotient 
is often incomplete; becauſe there is a remainder 
which cannot be divided by the diviſor ; but admit- 
ting fractions it may be always made complete thus. 
Make a fraction whoſe numerator is that remainder, 
and denominator the diviſor, and this ſubjoined to 
the integral part of the quotient, makes it perfect. 
Thus divide 23 by 4, the quotient is 5, the remainder 
is 3, which ought alſo to be divided by 4: but we 


have juſt ſhown, that -th part of 3 is the ſame as 4 ths 
of one; therefore the quotient of (the remainder) 3 
divided hy 4, is the fraction 4 and thus the complete 


quotient will be 52. | 
20. To eftimate the frafional parts of an integer in 
parts of a leſſer denomination; and vice verſa, — To find 


for inſtance the value of 2 of a pound. — It has been 


5 
6 
pounds; bring therefore 5 pounds into ſhillin 

multiplying 5 by 20, and it makes 100 ſhillings, di- 


ſhown that = of one pound 1s the ſame as - of 5 


vide this by 6, and you will have (by par. 19) 168 


for the number of ſhillings, equal to 2 of a pound. 


In 
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In the ſame way 5 of a ſhilling will be found equal 


to 8 pence; and ſo 2 of a pound is in value 16 ſhil. 


lings and 8 pence. 

21. For the reverſe, to find what fractional part of 
a pound, 16 ſhillings and 8 pence is; reduce the 
whole to pence, and it makes 200 pence. Now 240 
pence make a pound. Therefore if one pound be 
divided into 240 parts, 200 of thoſe parts are equal 


to 16 ſhillings and 8 pence, which is therefore 275 of 
a pound, — We ſhall afterwards ſhow, that the fraction 
>= and the fraction 5 are of the ſame value. 


22. All the operations of fractions depend on two 
maxims. Firſt, — F the numerator of a fraction be en- 
creaſed while the denominator continues the ſame, the va- 
lue of the fraction wil! be encreaſed propertionably, and 
contrariwiſe. For while the denominator continues 
the ſame, the magnitude of the parts into which the 
unit is divided continues the ſame, therefore the va- 
lue of the fraction will be proportionable to the nu- 
merator, by par. 11. — But ſecondiy, If the denominator ' 
be encreaſed in any proportion, while the numerator conti- 
nues the ſame, the value of the fraction will be diminiſhed 
in à contrary proportion, and contrariwtje. — For the 
number of parts contained in the fraction continues 
the ſame; but the value of each part is changed in a 
contrary proportion to the denominator, by par. 16. 
Therefore the value of the whole fraction is changed 
in the fame contrary proportion by par. 10. 

23. From theſe two principles it follows, that if 
the numerator and denominator of a fraction, be both 
multiplied, or both divided by the ſame number; the 
value of the fraction will not be affected thereby. 

24 A. Hence every fraction is capable of being ex- 
preſſcd by an infinite variety of numbers; for there 


are 
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are an infinite variety of multiplicators whereby the 
numerator and denominator of a fraction being each 
multiplied, the terms in which the fraction is ex- 
preſſed will be changed, but not it's value. Thus the 


radtions , f. 22, Ne. are all of the fame value, 


though expreſſed in different terms or by different 
numbers, the numerator and denominator of each, 
ſucceſſively, being doubled. 

24 B. As a fraction may be thus expreſſed in a va- 
riety of terms, a queſtion will ariſe, what are the 
loweſt terms, or leaſt numbers by which it can be 
expreſſed? It is evident from what has been faid, 
that if any number can be found which will exactly 
divide both the numerator and denominator without 
kaving a remainder, then if ſuch diviſion be actually 
made, the two quotients will 2 the numerator and 
denominator, ot another fraction equal to that pro- 
poſed, but expreſſed in lower terms. Thus if the 


fraction 455 was propoſed, both the numerator and 
denominator can be divided by 10; and by ſuch a 
diviſion the fraction will be reduced to 25 This 
again (by a diviſion by 2) will be reduced to 
170 and this (by another diviſion by 2) will be re- 


duced to 8 


25. Any number that will thus divide both nume- 
rator and denominator, without leaving a remainder, 
is called their common divi/or. 

26. The difficulty is to find ſuch a common divi- 
ſor ; the following obſervations may be of ſervice. 

The number 2, will divide all even numbers, that 
:s, all numbers ending with 2, 4, 6, 8, or a cypher. 

The number 10, will divide all numbers ending 
with a cypher. 

The 
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The number 5, will divide all numbers ending with 
5, or with a cypher. a 

If none of the above numbers will divide both nu- 

merator and denominator of the propoſed fraction, 

then try 3, 7, 11, 13, 17, 19, &c. ſucceſſively, divid- 

ing both numerator and denominator by each of them 


as often as it is poſſible. Thus 855 after a conti- 
nual diviſion by 2, 3, 3, 7, ſucceſſively, is reduced 
to 2 The fraction Z., after a continual diviſion 


1125 


1 


. | on 1390 
by 3, 5, 5, 5, is reduced to -. The fraction 58205 


3 
after a continual diviſion by 10, 3, 7, 7, is reduced 
to 2, therefore is of the ſame value with 245 before 


propoſed, par. 24 B. i 
27. Three or more numbers are ſaid to be multi- 
lied together continually, when the firſt is multiplied 
by the ſecond, and that product is multiplied by the 
third, that product by the fourth, and ſo on. 

28. In ſuch a caſe it matters not in what order the 
numbers be taken, the product of the continual mul- 
tiplication of all of them will be the ſame. Thus, 
ler the ſeveral multipliers be 2, 3, 4, 5; whether we 
take them in that order, or in any other, as 4, 2, 5, 3, 
or 5, 4, 3, 2, the product of the continual multipli- 
cation of all of them will always be 120. | 


29. The reduction of fractions having different denomi- 
nators to others of the ſame value, having one common de- 
nommnalor. 

Rule. Put down the fractions to be reduced, in 
any order. Then multiply the numerator of the firit 
fraction into (that is, by) all the denominators but its 
own, for a new numerator to be ſet underneath that 
fraction, and ſo proceed to every one. Laſtly, mul- 
tiply all the denominators together for a common de- 

nominator 
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nominator to be ſet under each numerator before 
found. 


Let the fractions be - © 3 3 2. 
n 


The new fractions will be 22 2 230. 
384 384 384 384 

o. Whoever conſiders the work attentively, will 
ſee that both the numerator and denominator of every 
fraction is equally multiplied: Both are multiplied 
by the denominators of all the other fractions conti- 
zually (par. 27): Conſequently, their value is not al- 
tered (par. 23); that is, the value of the new fractions 
found, is the ſame with that of the old ones 
ſpectively. This will fully appear by reducing eac 
of the new fractions ſucceſſively to their loweſt terms. 


Thus => after a continual diviſion by 2, fix ſeveral 


times, and then by 3, will be reduced to 2. The 


fraction 38 after a continual diviſion by 2, five ſe- 


veral times, and then by 3, will be reduced to 4 


The fraction 2 after a continual diviſion by 2, ſix 


ſeveral times, will be reduced to 2. And laſtly the 


fraction 37 after a continual diviſion by 2, four ſe- 
7 


veral times, and then by 3, will be reduced to 8. 


31. If two or more fractions are propoſed, having 
Cifterent numerators and allo different denominators, 
it is impoſſible in that ſtate to compare their value, 
or tell which is the greateſt. But let them be reduced 


to other fractions of the ſame value and having one 
com- 
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common denominator, then the compariſon is eaſy 
and evident. Thus, ſhould it be aſked, which 1s the 


greateſt - or ?, it would not be eaſy todetermine this ; 


the number of parts in the latter caſe is the greater, 
for 3 is more than 2; but the magnitude of each part 
is leſs, for a fourth part is leſs than a third part. On 
which ſide lies the advantage? Now let theſe fractions 
be reduced to two others of the ſame value reſpec- 
tively, but having one common denominator, to wit, 


= and 2 , then it is evident that the latter is the 


greateſt by = ; for the ſame reaſon that 9 pennies are 


greater than 8 pennies, by one penny: For a penny 
is the 12th part of a ſhilling. 
Addition of framiont. 

32. When any number of fractions are reduced to 
others having the ſame denominator, we may then 
(and not before) find the ſum of them all, by adding 
their ſeveral numerators together, and under that 
ſum, ſubſcribing the common denominator. Thus, 
in the foregoing example, ſuppoſe it was required to 
find the ſum of all the fractions LN 3. 2 4 theſe re- 

r 
„. 
384 384 384 
. Now their ſeveral numerators, viz. 192, 288, 320, 


duced to one denomination will be 


336 
384 

336, added together make 1136, underneath this ſub- 
icribe the common denominator, and the ſum of all theſe 


four fractions will be the fraction . and this frac. 


tion by a continual diviſion of both numerator and de- 

nominator by 2, tour ſeveral times, will be brought ro 
I . D : a 

7” But 2 is an improper fraction, which therefore 


24 
= muſt 


Et — 
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muſt 2 brought to a mixt number by par. 4, to wits 


to 2 27 So at laſt che ſum of the four original frac- 


tions is found to be 2 45 wanting > of an unit, of 
the whole number 3. 

33. After all operations, whether addition, ſub- 
traction, multiplication or diviſion, the fraction reſult- 
ing ſhould be brought to its loweſt terms, and if an 
improper fraction to an equivalent mixt number. 

It whole numbers are to be added to fractions, 
it will be beſt to reduce ſuch whole numbers to 
the form of a fraction by par. 6, and then treat them 
as ſuch. 


Subtraction of fractions. 


34. When two fractions are propoſed, let them be 
reduced to two others of the ſame value reſpectively, 
but having the ſame denominator, by par. 29, then it 
will appear r which is the greateſt z viz. that which has 
the greateſt numerator. Subtract the leſs numerator 
from the greater, put down the difference as the nu- 
merator, and the common denominator as the deno- 
minator of a traction, which 1s the difference between 
the two propoſed fractions. 


35. Let the two fractions be =. and 3 85 theſe re- 


duced to two others of the ſame value, To one 


2 is 
8 
leſs than 2, and their difference is 77 this, by two 
! 9 


40 36 
common denorainator, are — 7 and 2 96 wherefore 


) 
9 


ſucceſſive diviſions of "_ numerator and denominator 
by 2, is breught to 2 ſo that at laſt the difference 


between the two fractions 15 and 3 5 1s found to be 17 


Again, 
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Again, let the fractions be — and 130 theſe re- 


1 103 122 
duced to the ſame denomination, are I and 180 


| Wherefore the latter (=) is the greater, and their 
2 
difference is = ; this, by two diviſions by 3, 1s re- 
duced to ; therefore — i greater than . and 
20 15 12 
their difference is. . 
20 


Laſtly, let the numbers be 5 5 and 5 Theſe re- 


duced to improper fractions by par. g, are 85 and 22, 


6 
Theſe reduced to one denomination are 5 and DT 
and their difference is 8. This reduced to the 


48 


loweſt terms is 2 Reduced to a mixt number is 


3 2. the difference between the propoſed numbers. 


Multiplication and Diviſion of fractions. 


Before we lay down the rules, it may be proper to 
make ſome obſervations on the nature of multiplica- 
tion and diviſion. 

36. When the multiplicand continues the ſame, 
the value of the product will depend on the multi- 
plier, as was ſaid par. 11. The greater or leſs the 
multiplier, the greater or leſs is the product, and that 
in the ſame proportion. Let 12 be multiplied by 4, 
and the product is 48; but if the multipher is only 


B 2 half 
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half as much, viz. 2, the product will be only half; 
that is, 24. Again, let the multiplier be only half of 
2, or 1, and the product is only half 24, or 12. And 
for the ſame reaſon, if the multiplier is only half of 


I, or 75 the product muſt be only half of 12, or 6. 


We do not here take 12 once or one whole time, but 
only half a time; in other words, we take half of 12, 
which is 6. And whenever the multiplier is leſs 
than one, or ſome fractional part of one; the product 
will be leſs than the multiplicand. This may ſeem 
ſtrange to thoſe who are uſed to whole numbers only; 
but the contradiction is verbal only, conſiſting in an 
improper application of the term multiply. The term 
was proper enough, when applied to whole numbers 
only ; and the old term 1s continued, now Arithmetic 
is extended to broken numbers, where the multiplier 
may be leſs than an unit; the idea has outgrown the 
name, a caſe very frequent in other ſciences. 

37. Analogous to this, the quotient in diviſion, 
when whole numbers only are concerned, is always 
leſs than the diviſor: but in the arithmetic of frac- 
tions it is not always fo. In diviſion, we enquire how 
often the diviſor is found in the dividend. If the di- 
viſor be one, it will be found as often as there are units 
in the dividend, and thus the dividend and quotient 
will be equal. But if the diviſor be leſs than unity, 
it muſt be found oitener than there are units in the 
dividend. So if 12 be divided by 1, the quotient is 


123 but if 12 be divided by the fraction 2, the quo- 


tient will be 24. The fraction - will be found in 12, 


24 times; becauſe it is found twice in every unit. 


Au! 2 
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Multiplication of fractions, when the multiplier is a whole 
nber. 


38. This will be rightly done, if we multiply the 
numerator of the fraction by the multiplier, for a 
new numerator, and keep the denominator the ſame; 
as will appear from conſidering the maxim in the for- 
mer part of par. 22. 

39. But this may alſo be done, by keeping the nu- 
merator the ſame, and dividing the denominator by 
the multiplier (when it can be without leaving a 
remainder) and taking that quotient for a new deno- 
minator. This will appear from conſidering the 
maxim in the latter part of par. 22. 


40. Thus 4 may be multiplied by 2, either by 
doubling the numerator, and keeping the denominator 
the ſame, in which caſe the product will be 4 or 
by keeping the numerator the ſame, and . the 
denominator, in which caſe the product will be 2. In 


the firſt method we ſay, that 6 quarters is double of 3 
quarters. In the latter method we ſay, that 3 halves 
15 alſo double of 3 quarters; both which are true. The 
former method is always practicable, the latter not 
always, but when 1t can be done it gives the product 
in lower terms. 


Diviſion of fractions, when the diviſor is a whole number. 


41. This will be rightly done, if we divide the 
numerator of the fraction by the diviſor (when ſuch 
diviſion can be made without leaving a remainder) and 


taking the quotient for a new numerator, keeping the 
denominator the ſame. 


42. Burt this may alſo be done by keeping the nu- 
merator the ſame, and multiplying the denominator 


B 3 by 
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by the diviſor, and taking the product for a new deno- 
minator. Both theſe rules will appear to be juſt, from 
the two maxims in par. 22, aforeſaid. 


43. Thus * Sy be divided by 2, either by halving 
the numerator, and keeping the dee the 
ſame, in which caſe the quotient will be 2, or by 
keeping the numerator the ſame, and doubling the 


denominator, in which caſe the quotient will be = 


That = is of the fame value with = will appear from 
| 5 


Par. 24 B. 

The latter method is always practicable; the for- 
mer not always; but where it can be done, it gives 
the quotient in lower terms. 


Multiplication, chere bo! multiplier and multiplicand are 
fracticns. 


44. An example may ſerve both to ſhow the rule 
and explain thc reaſon of it, 


Let it be required to multiply f by 3 Suppoſe 


now that inſtead of - the multiplier was the nume- 
rator only of this fraction, Viz. 2, conſidered as inte- 
oral; then we ſhould find the product to be : by par. 


38: but ve have here ſuppoſed the multiplier to be 
3 times as great as it really is, for the multiplier is 
only a third part of 2, by par. 18, therefore our pro- 
duct will be 3 times too great, and a third part of it 


will be the true product. Divide therefore 2 by 3, 


according to the method of par, 42, becauſe it is al- 
ways 
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6 
ways practicable, and we have the true product 7 


: 2 
or in lower terms -. 


Hence this rule for multiplication. 

45. Multiply the numerators of the multiplier and mul- 
tiplicand together, for the numerator, and their denomi- 
nators together for the denominator of the product. 


7 


Diviſion where both the diviſer and dividend are 
fractions. 


46. We muſt argue juſt in the ſame way, to find 
the rule for diviſion. Thus, let it be required to di- 


vide - by 5 Suppoſe now the diviſor was the nu- 


merator only of the fraction 2, that is, ſuppoſe the 
diviſor was the integral number 2. We ſhould then 


find the quotient to be 155 making the diviſion ac- 
cording to the method of par. 42, becauſe it is always 
practicable. But we have here ſuppoſed the diviſor 
to be 3 times as great as it really. is; (by par. 
18), therefore the quotient ſo found will be only 
a third part of what it ſhould be, Multiply therefore 


75 by 3, according to par. 38, and we have the true 


ä 
q 10 


Hence this rule for diviſion. 

47. Invert the terms of the diviſor, (not of the divi- 
dend), then fellow the rule fer multiplication, par. 45. 
viz. Mullip!y the numerators together fur anew numerator, 
and denominators together for a ncw denominator. 

48. By mverting the terms of a fraction is meant 
making another fraction ſuch, that the numerator of 


B 4 the 
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the former ſhall be the denominator of the latter, and 
the denominator of the former, the numerator of the 


latter. Such fractions are called reciprocals. 80 


and 2 are reciprocals. 


49. From the rule before laid down it appears, that 
to divide one fraction by another, or to multiply rhe 
dividend by the reciprocal of the diviſor, is the ſame 


thing. To divide 2 by l is the ſame as to multiply 
- by 2, So likewiſe to divide the number 12 by 2, 


is the ſame as to multiply 12 by iy for the whole 
number 12, may be conſidered as the improper frac- 


tion = by par. 6, and the number 2 as = and to di- 


vide = by : is the ſame as to multiply 1 by = and 
ſo the rule of diviſion may be always changed into 
that of multiplication. 
A queſtion or two, to exerciſe the rules of fractions. 
Four perſons A, B, C, D, ſhare a Lottery ticket 
between them. A has - B R EC - and D the remain- 


der; What ſhare of the whole has D, and who has the 
leaſt ſhare? 


In Wing's Almanack we are told, that a pound 
Troy of gold is coined into 44 guineas and an half, 
and therefore that one guinea ſhould weigh 5 penny. 


weights 9 22 grains. 
Buts 95 9 Sra 
Alſo, that a pound Troy of ſilver, is worth 3 15 


pounds 
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pounds ſterling, and * that a ſhilling ſhould 
a 2 | 
weigh 3 pennyweights 20 57 faune * 

Are theſe concluſions true ? 

A guinea weighs 5 pennyweights 9 J grains, is it 
over or under the lawful weight, and how much? 

In the public Stocks; 3 per cents. conſo!. * — 
at 56 3; what is the intereſt of money? Anſ. 5 4 


« Ti 
« little leſs than 5 2, or 5 10 3. or 5 pounds and 6 
ſhillings. 


A pound Troy contains 12 ounces ; each ounce contains 20 
pennyweights ; each pennyweight, 24 grains, 


ALGEBRA; 


LL GO ER K A 


I, LGEBRA is not improperly conſidered as a 
kind of ſhort hand writing, which may at any 
time be tranſlated into words at length. Such a ſhort 
hand, is of great uſe in reducing any reaſoning into 
writing. The argument is more readily comprehend- 
ed; and the relation between diſtant ideas much eaſicr 
diſcerned, when briefly expreſſed by ſingle characters, 
than when encumbered by words at length. We may 
therefore define Algebra to be the art of reaſoning 
upon Quantity by Symbols, or ſhort hand characters. 

2. The characters which firſt occur, are the marks 
for the four operations in Arithmetic. The mark tor 
addition is +, and is called plus or more; thus 5 + 2, 
ſignifics 5 made more by 2. The mark of ſubtrac- 
tion is —, and 1s called minus or les; thus 5 — 2, ſig- 
nifies 5 made leſs by 2. The mark for multiplication 
is x, and is called into; thus 5 X 2, is read 5 into 2; 
meaning 5 multiplied by 2. The phraſe into is bor- 
rowed trom the Latin: For Ducere numerum in nume- 
rum, is to multiply one number by another. Divi- 
fion is ſignified by ſetting the dividend above, and the 
diviſor below a ſtraight line; like the numerator and 
denominator of a vulgar fraction; and the phraſe for ir 


is, Jy: thus 2 is read 5 by 2, and ſignifies 5 divided 


by 2. Laſtly, = is the mark of equality, and ſtands 
for, is as much gs, or makes. Thus 20 + 10 = 30 
when tranſlated into words at length is, 20 made more 
by 10, is equal to, or makes 30. Again, 20 — 10 = 

10, 
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10, when tranſlated, is, 20 made leſs by 10, is equal 
to 10. Thus alſo, 20 X 10 = 200, when tranſlated, 


is, 20 into 10 (that is multiplied by 10) is equal to 


200, Laſtly, _ = 2, when tranſlated, is, 20 by 10 


(that is, divided by 10) is equal to 2. 

3. In all theſe caſes, the ſign governs the number 
or quantity that follows it. Thus, in the algebraic 
characters 5 — 2; it is the number 2 that is to be 
ſubtracted. | 

4. Beſides theſe characters for arithmetical opera- 
tions, the quantities themſelves, which are the object 
of mathematical enquiry in any algebraic are 
marked down, named or ſignified by the letters of the 
Alphabet. It is no unuſual thing in Law, in like 
manner to diſtinguiſh the parties litigant, by letters 
of the Alphabet, as well as by the names of particu- 
lar perſons. When a caſe is thus ſtated generally; 
the letters of the alphabet, not ſtanding for indivi- 
duals, but for all that come under a certain character 
and deſcription in Law, (as plaintiff and defendant, 
leſſor and leſſee) the determination of that caſe, will be 
a general one, will become a rule, for all others who 
come under the ſame deſcription of Law. Now this 
way of repreſenting the ſubjects of enquiry by let- 
ters, will be found equally uſeful in ſcience. In an 
Arithmetical problem then, theſe letters repreſent cer- 
tain numbers (as priacipal and intereſt, &c.). In 
Geometrical probleins they repreſent certain lines (as 
length and breadth); or Surfaces; or Solids. In ſta- 
tical problems they repreſent certain weights; in Me- 
chanics certain forces, &c. Theſe letters then are re- 
preſentatives of quantity in general, or in the Ab- 
ſtract; without reſtraining them to ſignify either any 
particular degree of quantity, or even any particular 
ſpecies of Quantity. Thus, if 10 pounds be the 
principal, then at five per cent. I can find (from the 
rule of three) that 10 ſhillings is the intereſt, But if 


N I pur 
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I put à for the principal, be it what it will, and þ for 
the intereſt; if 1 am told that a=20 x b, I get a 
general rule for the intereſt in all caſes at five per 
cent. In like manner @ may ſtand for the length, and 
$ for the breadth of certain figures, and thus general 
rules may be eſtabliſhed, ſhowing in every one of thoſe 
figures, the relation of the length to the breadth. 
Algebraic rules, in which the Symbols ſtand for ſuch 
very general ideas, will of courſe be applicable to 
every ſubject into which Mathematical reaſoning can 
be introduced. 

5. All quantities have either the mark of addition 
or tubtraction hetore them, and are called either affir- 
malide or negative. 

This diſtinctionof quantities into two ſorts ariſes from 
the nature of the ſubject to which algebraic computa- 
tion ĩs applied. For inſtance; if a queſtion be inſtituted 
concerning how much a perſon is worth in the world; 
all that he poſſeſſes, or is owing to him, increaſes his 
worth; and in eſtimating that worth, is to be added to 
his ſtock. But all that he owes to others, decreaſes 
his worth, and is to be ſubtracted from his ſtock. 
Tuo forts of quantities in this caſe ariſe from the 
nature of the ſubject. Credits and Debts. The for- 
mer Addititious or Affirmative, before which you 
prefix the ſign of addition + ; the latter is Subducti- 
tious or Negative, before which you prefix the ſign of 
ſubtraction —. In computing the worth of ſuch a 

erſon, it the addititious quantities prevail, his ſtock 
will be marked +, and he will be worth ſomething, 
Ir tne addititious and ſubductitious quantities, exactly 
balance, he will be worth nothing, If the ſubducti- 
nous quantities prevail, his ſtock muſt be marked —, 
or, as we lometimes ſpeak of ſuch a perſon's worth, 
he is work than nothing. Here it ought to be re- 
marked, that debts, or lubductitious ſums of money 
are as much real iums ct money, real numbers, as 
credits or aadiitigus ſums. Ihe mark — being a 
mark of the guad. ic of luch numbers, and not of their 
quan- 
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quantity, denoting that their quality is ſuch, that in 
reaſoning upon the worth of a perſon they are to be 
ſubtracted. 

6. To give another example. Mechanics is tho 
doctrine of the motion of ſolid bodies, when acted 
upon by various forces. Hete the nature of the ſub- 
jects points out two circumſtances that muſt be at- 
tended to, the direction of the motion excited in the 
ſolid body by the joint action of the ſeveral forces; and 
the degree, iwiftneſs, or magnitude of the motion. The 
firſt circumſtance reſpects the / ity, the ſecond the 
quantity of the motion, Suppole, tor the fake of ſim- 
plicity, that all the forces are impreſſed in one and the 
{ame line, but ſome of them backwards and ſome for- 
wards, that is, ſome in one direction arbitrarily aſ- 
ſumed, which is to be called forwards; others in the 
oppoſite direction, and of courſe to be called back- 
wards, In this cale all the forces urging the body 
forwards are to be called affirmative, and marked . 
All the forces urging the body in the oppoſite direc- 
tion, or backwards, are to be called negative, and 
marked —. If in the concluſion of the problem, the 
motion of the body is found aſlirmative and marked 
+, it is a ſign that the affirmative forces prevail, and 
that though ſome forces ſingly conſidered drive it for- 
wards, and others ſingly conſidered drive it backwards, 
yet on the whole it will move forwards. But if in 
the concluſion of the problem, the motion ſoughe 
turns out negative and marked —, it is a ſign, that 
on the whole the body will mave backwards. Yet 
this motion backwards, is as much a real motion, ay 
any motion forwards ; the marks + or — being 
marks of the quality, not of the quantity of motion, 
Negative motion, is as much a real motion, as Affir- 
mative motion, but in an oppoſite direction. If 
the affirmative and negative quantities ſhould on the 
whole balance, the degree of motion will be found to 
be o; that is, the body will have no motion at all, 
or ſtand ſtill. But to tak of any motion, as being 

lots 
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leſs than nothing, or leſs than no motion, is to ſay, 
that a body may be more ſtill, than ſtock- ſtill, which 
is downright nonſenſe. 

7. One doubt may ariſe on this ſubject. It is 
uſual to exemplify Algebraic rules by numbers. Ir 
may be aſked then, if we meet with ſuch an expreſſion 
as — 5 ſtanding ſingly by itſelf ; what does this mean? 
We have been told, that — is the mark of ſubtrac- 
tion; that when it is prefixed to any quantity, it de- 
notes, that quantity is to be ſubtracted : Now, in this 
caſe, from what number is 5 to be ſubtracted? We 
anſwer, from the other numbers that ariſe out of the 
conditions of the problem; — 5 has no meaning, un- 
leſs it be joined with ſome other number. If no 
"__ be inſtituted; if the number 5 is to be con- 

dered abſtractedly, having no reference at all to 
other numbers, then the marking it either with + or 
— is unwarranted; and leads to abſurdities. 

8. There are Mathematical problems, which re- 
ſpect the magnitude only, of the — 4 concern- 
ed; problems in which their Quality is no part of 
the ſubject under conſideration. Such are all queſ- 
tions about proportion. Proportion has reference to 
magnitude only. The idea of proportion, reſults 
from contemplating and comparing magnitudes only; 
their quality hath nothing to do with it: And if the 

ſymbols + and —, and the diſtinction of quantities 
into Affirmative and Negative, are arbitrarily retain- 
ed; when ſuch a diſtinction is not warranted by the 
Subject itlelt; it will lead us into endleſs abſurdi- 
ties *. | 

9. We 


So it is repreſented as a wonderful paradox, that — 1 ſhould 
be to + 1, as +1 to—1 ; that is (ſuppoling — 1 to be a guantity 
LJ; than ncthing, and of courſe leſs than + 1) that a leſs quantity 
ſhould have the ſame proportion to a greater quantity; as that 
ſame greater quantity has to the leſs. And this is demonſtrated, 
fay they, by the rules of Algebra; for according to theſe rules 
the product of the multiplication of the two extreme terms in this 
proportion, is equal to the prodũct of the two mean terms, But 
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9. We may now return to ſome further obſerva- 

tions relating to the ſigns or characters uſed in Al- 

ebra. 

: A compound quantity is that which conſiſts of ſe- 
vera] quantities, connected by the ſigns + or —, as 
a—b+c, and in this caſe the value of the compound 
quantity is not altered, by changing the order in 
which the ſeveral members are ranged, as —b+a+c 
or +c—b + a, as will appear if we ſubſtitute num- 
bers for the ſeveral letters a, 3 and c. But it is 
uſual to range them in Alphabetical order. It is 
uſual alſo to make one of the affirmative quantities, 
the leading quantity; and in this caſe the ſign + is 
not expreſſed, or written before the leading quantity, 
but underſtood, as in the example before given. 

10. In eſtimating the numeral value of ſuch com- 
pound quantities, it is beſt to reckon up the value of 
all the affirmative quantities, and then reckon up the 
value of all the negative quantities. The leſs of theſe 
two ſums is to be ſubtracted from the greater; the re- 
mainder will be the value of the whole expreſſion, 
and is of the fame quality, affirmative or negative, 
with the greater of thoſe two ſums. 

11. Wich regard to the ſign of multiplication, it 
may be obſerved, that it is not always expreſſed. For 
if a number and a letter be joined together; or if two 
letters be joined together like the letters of a word; 
the ſign ot multiplication is then underſtood to be in- 
terpol-d between them; that is, the product of the 
mulcplication of the numbers, which thoſe letters re- 
preient, is ſignified as well by the letters being thus 
Joined, as by the ſign X being interpoſed between 
them. Thus, if a= 20, and h 10, then either ac or 
ab=200, ſo alſo ; x 2 or 54=100: And in reading ſuch 

expreſ- 


all this is nonſenſe. In reſpect of magnitude, + and = 1 are 
equal; and it is in reſpect of their magnitude only, that they can 
have proportion to each other. Proportion has no concern with 


their quality. They have no quality; in a quellioa about their 
proportion only. 
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expreſſions; when the ſign X is actually written, the 
word into is pronounced; but that word is omitted 
when the ſign is not written; ſo 5X @ is read, five 
into a, but 3 is read fvea; meaning five times 8. 
Numbers thus joined with letters, are called zumeral 
co-efficients, or ſimply co-efficients, where no numeral 
co- efficient is expreſſed; 1, or unity, is underſtood y 
thus @ (without a co-efficient) is the ſame as 1 a, or 
once 4. 

12. When a quantity confiſts of the product of the 
continual multiplication of two, three, or more quan- 
tities, the whole product is called a fadlum, and the 
ſeveral multipliers are called factors, and relatively to 
one another fe/low-fa#Fors or co-efficients. So in the 
quantity @ Sc; the ſeveral quantities a and & and c are 


= 


actors; the whole product abc the factum. 
ä 4 and þc are two fellow factors; or a is the 
c 


So 


ient of þc in the factum abc, or ſimply in a bc. 
again, becauſe 4 Xx 5 x 6= 120, the numbers 4 and 
and 6 are called factors, and 120 the fatum. And 
fo it muſt be obſerved, that in all ſuch products, 
conſiſting of three or more factors, the value of the 
factum is not altered by the order in which the fac- 
tors are Thus, abc, or bac, or cbs, &c. are 
all of the ſame value. So 7 4X6, or 5X4X6, 
or 6X 5X4, &c. are all of the ſame value, and equal 
to 120. But it is uſual to range literal factors in an 
alphabetical order. 

13. There is another character called a vinculum; 
which is a ſtraight line drawn over two or more quan- 
ties thus a+6, or a+6b—c; and it denotes that all 
the quantities under the vinculum are to be conſider- 
ed as one, in reſpect of any algebraic ſign prefixed to 
the whole. We meet with this character very com- 
monly in caſes of multiplication. Thus a x @ + 6b, 
means that the number à is to be multiplied into the 


whole number ſignified by a+6. If we write this 
without the vinculum, thus a, it ſignifies, that 
0 18 
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@ is to b& multiplied by a, and & is to be added to 
that product. So again, a +b X =I, ſignifies that 
the intire number 4 ＋ I, is to be multiplied by the in- 
tire number a— b. Should we write the ſame charac- 
ters without the vinculum thus, a ＋ OX A-, it would 
mean, that à is to be added to the product of the 
multiplication of 4 into a, and that the whole ſum is 
to be made leſs by h, or that from the whole ſum you 
are to ſubtract 5. ; 

14. In reading ſuch algebraic expreſſions z when 
the vinculum is over two quantities, it is ſignified by 
pronouncing the word both. So a+bXa—b, is read 
2 T both, into a—b both. When the vinculum is 
over three or more quantities, it is ſignified by 
nouncing the word all. Thus a+ 1 is 
read Ts all, into d—e+f all. 

15. A ſign ſet before a fraftional quantity, be- 
longs to, and governs, the whole of that quantity, 
It belongs not to the numerator only; or to the de- 
nominator only; nor does it belong to a icular 


member of the numerator, nor to a icular mem- 
ber of the denominator, but to the whole fraction. 


Thus *Z2 x 2 , fignifies that the whole fraction 


12 
*2 is to be multiplied into the whole fraftion 288. 


So again, 2 + 2. ſignifies that the whole frac- 


tion ZE? and the whole fraction © ate to be added 


together. In reading ſuch fractions, whoſe numera- 
tors are compound quantities, it is uſual to pronounce 
the words both or all, juſt as if they had a vinculum 
over them. Thus, laſt expreſſion is to be read 
a-+6 both by 12, plus a—b both by 20. 
Other characters or rules relating to algebraic no- 
tation will be explained _ they occur, 
16, Ex- 
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16. Examples of algebraic expreſſions ; the nume- 
ral values of which are to be computed, in order to 


learn perfectly the power or force of the algebraic 
characters, 


Let a= 10 
987 
88 
1 
9 2 & 
Then 1 346 + c—d4= 
2 5ab—10bb += 


3 2 
a+b 5 
. 
a+b a—b 
* 
e 
1 
ö hrs 
| 8 Nc Xx De 


9 a+b——d= 


10 a+b——d= 
11 aac ＋ Add 
| 12 acd—d= 
| 13 aae+bbe+d= 
b—e a+b __ 
— — 


Of what is called ADDITION of Algebraic quantities. 
We ſhall firſt lay down the rule and illuſtrate it by 


examples. 
17. Here it muſt be iſed, that thoſe quantities 
are ſaid to be gf the ES” Which are 


exactly 
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exactly alike in their literal or unknown art, and 
differ only in their known part, that is, in their ſigns 
and numeral coefficients. Thus, 1044 and — 8 aa 
are of the fame denomination: but 1044 and — 8 4 
are not of the ſame denomination. So again, 12 aabb 
and — 84bb are of the ſame denomination ; bur 
12 aabb and — aab, are not of the ſame denomina- 
tion. Once more, gabe and — gabe are of the ſame 
denomination; but 3 abc and — 5 ac are not of the 
ſame denomination. Thus alſo, the number 30 and 
the number 60 may be ſaid to be of the ſame deno- 
mination z being both known quantities; but the 
number 50, and the letter @ (even though @ ſtands for 
a number, and not a line) are not of the ſame deno- 
mination, the one being wholly known, the other 
wholly unknown. This diſtinction underſtood, we 
have the following Rule. 

18. Range all the quantities of the ſame deno- 
mination underneath one another; ſetting down the 
others at length, either in the firſt line, or in any 
other, and ſupplying their places in the lines in which 
they are not entered, with aſteriſks. This done, the 
quantities of the ſame denomination are to be alpe- 
braically added together by their numeral co- efficients. 
If their co-efficients have like ſigns; add them toge- 
ther, arithmerically; their common ſign is the ſign, 
their ſum the co-efficient to be prefixed to the literal 
part that belongs to them all. If the ſeveral quanti- 
ties of the ſame denomination have unlike ſigns; then 
all the affirmative co efficients muſt be collected into 
one ſum, and all the negative co-efficients into an- 
other ſum; and the difference of theſe two ſums is 
the co-efficient of the common literal or unknown 
part; to which mult be prefixed the ſign of the greater 
of thoſe two ſums. Thus, like ſigns require an ad- 
dition of the numeral co-efficients; unlike ſigns a 
ſubtraction of thoſe co-efficients. | 

19. Quantities that are not of the ſame denomina- 

C 2 tion 
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tion can no otherwiſe be added, than by ſetting them 
down at length with their proper ſigns. 

20. In the practice of this and the following alge- 
braic rules, it is beſt firſt to determine the ſign, then 
the co-efficient, and laſtly the letters, 

21, In the following examples the quantities are 
not properly ranged under each other; that is left 
as an exerciſe for the learner. 

1. To b+a add 3a—56b 

2, To —4x+38 add 5a—8x 

3. To bx—5b+a+8 add — 5a—4x+4b—3 

4. To a+2b—3c—10 add 3b—44a+5c+10, alſo 

—4c+24—3b—7, alſo + 5b—c 

5. To 3a+b—10 add c—d—s 

6. To 34a+bb—c add 2ab— 3aa+bi—b 

7. To aaa+bbc—bb add abb—abe+bb 

8. To 9ga—8þ+10x—6d—7c+ 50 add 2x—34—5c 

+4b+6d—10 

9. To ar add a—b6, and the ſum is 24. 

22. In the algebraic language @ and þ may ſtand for 
any two numbers whatever; and then a+6 ſtands for 
a made more by ; that is, for the ſum of à and 5; 

in, &—6 ſtands for a made leſs by 3; that is, for 
22 of @ and à (where is ſuppoſed leſs than 
a). Now by the rules of algebra, a+6 and a—b added 
her make 2a; therefore if the ſum and difference 

any two numbers be added together; the whole 
will be 24, or twice the greater number. This we 


ſhall find on trial holds good in any inſtances whas- 
ever. 


Remarks on Algebraic Addition. 


23. The word addition here is very improperly 
uſed; and is vaſtly too ſcanty to expreſs the operation 
here performed. The buſineſs of this operation is 
to incorporate into one maſs (or algebraic expreſſion) 
different algebraic quantities; as far as an actual in- 
corporation or union is poſſible; and to retain the 

algebraic 
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algebraic marks for doing it, where it is impoſüble. 
When we have ſeveral quantities, ſome affirmative and 
ſome negative; and the relation of theſe quantities 
can in the whole or in part be diſcovered; ſuch incor- 

ration of two or more quantities into one is plainly 
effected by the foregoing rule. Thus, if ſeveral num- 
bers are ſet down, ſome to be added, others to be ſub- 
trated; their relation is known, and they may be 
united into one equivalent number, by adding or ſub- 
tracting as their ſigns import. When the literal part 
of two algebraic expreſſions are alike, but their nume- 
ral co-efficients are different ; the relation of two ſuch 
quantities is in part known, in part unknown. With 
reſpect to the literal part; although the number or 
quantity for which theſe letters ſtand is not known, yet 
this circumſtance is plainly told us, that the unknown 
part of all theſe expreſſions is the ſame and alike, and 
their co-efficients being numbers are fully known. 
Such quantities therefore may in part be incorporated, 
as far as they are known; that is, by their co-efficients 
as before taught. Bur if the literal part of two alge- 
braic expreſſions be different; if no — of relation 
between them can be diſcovered; then no actual in- 
co ion can take place, either in part or in whole. 
A character for expreſſing that incorporation, and 
the nature of the arithmetical operation by which it is 
to be performed (when thoſe quantities become 
known) is all that can take place. So if —3 is to be 
algebraically added, that is to ſay incorporated with 
Ta, we can only, at preſent, write down the charac- 
ters a—b; ſignifying that @ is to be added (to the 
other quantities in the problem) and & is to be ſub- 
tracted (at their final incorporation) when their values 
are known. 

24. The relation between two abſolute numbers is 
always evident and wholly known; and ſuch can al- 
ways be incorporated or united into one equivalent 
number. So two affirmative or addititious numbers 
may be incorporated into one greater affirmative num- 

C 3 ber, 
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ber, equivalent to the former two. So alſo two ne- 
gative or ſubductitious numbers may be united into 
one greater negative number. The operation (of 
uniting) in both thele cafes, where the ſigns are alike, 
is pertormed by the arithmetical addition of theſe 
numbers. 

25. If one number be affirmative and the other ne- 
gative, theſe may alſo be united into one equivalent 
number. Theſe numbers in their application, denote 
the magnitude of certain quantities, but having op- 
polite qualities; therefore in their union, the leſs 
muſt be taken from the greater ; and there will re- 
main one number (or magnitude) equivalent to the 
other two; and of the ſame quality with the larger of 
thoſe two. Thus then two numbers; one affirma- 
tive, and one negative; may be united into one equi- 
valent number. In the algebraic language this is 
called adding an affirmative and negative number to- 
gether, although the buſineſs is carried on by the 
arithmerical operation of ſubtraction. So to ſpeak in 
the algebraic language, the ſeveral numbers +10 
and —8 and +7 and —6, all four added together, 
make +3; and the number +3 is called the ſum of 
thoſe four numbers, although ſuch ſum is made up, 
partly by the arithmetical operation of addition, and 
partly by the arithmetical operation of ſubtraction. 

26. It may ſeem a paradox, that what 1s called ad- 
dition in algebra, ſhould ſometimes mean addition and 
ſometimes ſubtraction. But the paradox wholly 
ariſes from the ſcantineſs of the name given to the al- 
gebraic proceſs; from employing an old term in a 
new and more enlarged ſenſe. Inſtead of addition, 
call it incorporation, union, ſtriking a balance, or any 
name to which a more extenſive idea may be annexed 
than that which 1s uſually implied by the word addi- 
tion ; and the paradox vaniſhes, 
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THE RULE FOR ALGEBRAIC SUBTRACTION. 


27. Write down in one line thoſe quantities from 
which the ſubtraction is to be made, and which we 
will call the firſt propoſed quantities ; then under- 
neath write down all the quantities compoſing the 
ſubtrahend, or ſecond propoſed quantities; rang- 
ing the quantities of the ſame denomination under 
each other, as before directed. Change now, or ra- 
ther ſuppoſe to be changed, the ſign of every quantity 
in the ſubtrahend; and proceed by the rules before 
given for addition. Examples as in par. 21. 

1. From 44— 46, take b+8a 

2. From 44— 40, take — 35 ＋ 3a 

3. From 84—12x, take —4x+38 

4. From 2x—4a—db+5, take 8—-5bþ+a+6x 

5. From 34+b+c—d—10, take c+a—d 

6. From 34+b+c—d—10, take þ— 10+ 38 

7. From 2a4b+bb—c+bc—b, take 34a—c+6bb 

8. From aaa+bbc+abb—abc, take bb+abb—abc 

9. From 12x+64—4b+49—12c, take 4b—3a+ 

2x +6d—7c—10 

10. From 2x— 34 ＋ 4b4— 5c+64d— 50, take 9a+x— 

7c+8bþ—6d— 40 

11. From 6a—4b—12c+12x—7e—5f, take 2x— 

—34+4b— gc+6d—7e 

12, From a+6, take a—6, and there remains 2b. 

28. We have before taken notice, that a+b may 
repreſent the ſum, and a—b the difference of any two 
numbers; of which à is the greater and þ the leſs. 
Now here it appears, that if a—b be ſubtracted from 
a+6, the remainder will be 23; that is, if the differ- 
ence of any two numbers be ſubtracted from their 
ſum, the remainder will be twice the leſs number. 

29. Thus, by means of the algebraic character and 
rules, we have got two general Theorems or Truths, 
relative to the ſum and difference of any two num- 
bers. We might have found theſe theorems to be 
true in every particular inſtance we could try, and 
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*correſpondence thereto, 


to ſubtract the debt 


' ſide; in the merchant's phraſe, to give, ſuch a one, 


thence have preſumed them to be true in every un- 
tried inſtance; but this is only a preſumption grounded 
on what the Logicians call, an induction o icu- 
lars: whereas the algebraic proceſs affords a general 
Demonſtration, extending to all caſes whatever. 


Remarks on Algebraic Subtration. 


30. As we have affixed a more extenſive idea to 
the word addition in algebra, than what is given to 
that term in common arithmetic; ſo we muſt in 
ive 2 more enla idea of 
the word SubtraFion. The buſineſs of ſubtraction 
then, is to find ſuch a quantity as being algebraically 
added to, or united with, the ſecond of two propoſed 
quantities, will produce the firſt. Now that the 
rule before laid down is juſt, may be demonſtrated. 
Becauſe if the quantity found by that rule, called 
improperly the Remainder, be ally united with 
the ſecond of the two propoſed quantities, it will al- 
ways produce the firſt propoſed quantity. Ex. From 
54 ＋ 4b, let it be propoſed to ſubtract 3a—2b. The 
anſwer according to the rule is 54+4b—34+26. 
And that it is the true anſwer is proved by adding it 
to the ſubtrahend. For e er added to 
34 25 produces the quantity firſt propoſed, viz. 
54 ＋ 46. But the above rule (as far as relates to the 
changing of the ſigns from + into — and — into +) 
may be illuſtrated, and perhaps eſtabliſhed to the ſa- 
tistaction of the learner on other conſiderations. For 
this in fact is no other than what is conſtantly prac- 
tiſed in all book-keeping. If a debt is paid off, it is 
not the cuſtom to eraſe the entry of that debt ; nor 
paid off, from the ſum total 
of debts; but to enter the ſum paid, on the creditor 


Credit, for caſh received. Whenever the balance is 
ſtruck, the account will be as fairly made up, by 
making ſuch an entry into the account, as if an 2 

| | re 
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ſure had been made. So if we are to ſubtract — 5 from 
+8—3, we enter it in this form +5+8—g. If we 
are to ſubtract -A from a—b, we add or unite —c+4 
to a—b, and enter it in this form a- cd. When- 
ever the numeral values of @ and & and c and d can 
be found, and thoſe values united into one nymber 
according to their ſigns, the balance will be rightly 
ſtruck. Here we enter c with the mark of ſubtrac- 
tion, inſtead of an actual or arithmetical ſubtraction 
of the affirmative quantity c from the affirmative 
quantity a: And we enter d, with the mark of addi- 
tion, inſtead of an arithmetical ſubtraction of the va- 
lue of 4d, from the arithmetical value of —5; for 
fuch an arichmetical ſubtraction is impoſſible, while 
the values of a, b, c and d are unknown. no 
relation between them can be diſcovered, cannot 
be made to incorporate by an arithmerical addition. 

31. In the ſame manner, if from 104—b we ſub- 
tract 24, we enter it, as if it were 104—2 4-0, but 
then we incorporate 104 and — 24 into one quantity 
8, ſo the whole is 84—b. Here, inſtead of expung- 
ing 2 à out of the creditor fide of the account, we en- 
ter 24 on the debtor ſide; and afterwards ftrike a 
balance. 

32, Every ſubtraction therefore is an entry of the 
ſeveral quantities to be ſubtrafted with con 
ſigns; and all the quantities ſo entered, are to be 
gebraically added, or united with the reſt, When we 
would ſubtract an affirmative quantity, inſtead of an 
arithmetical ſubtraction (which is impoſſible in ſym- 
bols) we enter or write the ſame quantity or ſymbol 
with the contrary ſign, minus. When we would ſub- 
tract a negative quantity, we enter that quantity with 
the ſign, plus; and theſe quantities io entered with 
changed figns, are to be algebraically added. This 
being obſerved will in a t meaſure help us over 

f P 
that almoſt inſuperable difficulty; — the reatonableneſs 
of the rule for the change of ſigns in multiplication. 


* 
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OF ALGEBRAIC MULTIPLICATION, 


33. In all algebraic quantities we have before 
noted three circumſtances, the ſign, the numeral co- 
efficient, and the literal or unknown part. The fol- 
lowing are the rules which obtain in multiplication 
with reſpect to each of thoſe circumſtances. 

34. Firſt, Like ſigns give +, unlike ſigns — in 
the product. Secondly, Let the numcral co-efficients 
of the two factors be multiplied together; their pro- 
duct will be the numeral co- efficient of the factum. 
Thirdly, The letters of the multiplier and multipli- 
cand being placed together, like the letters of a word, 
make the Ti teral part of the product. We ſhall poſt- 
pone, for the preſent, the grounds of the rule reſpect- 
ing the ſigns. The rule reſpecting the co-efficients, 
and the literal part is ſelf-evident. As far as the 
quantities are known, that is, in their numeral co effi- 
cients, an arithmetical multiplication takes place. In 
the literal part, where the quantities repreſented by 
the letters are unknown, the character for ſuch mul- 


tiplication is uſed. That character, as we ſaid before, 


is the ſetting together the letters which repreſent the 
unknown quantities, like the letters of a word. 

35. If the multiplicand be a compound quantity, 
and the multiplier a ſimple quantity, then every mem- 
ber of that compound quantity, muſt be multiplied 
by the multiplicr. For the whole product conſiſts 
of the product of the multiplication of every part or 
member of the multiplicand by the multiplier. 

36. If the multiplier be a compound quantity as 
well as the multiplicand, then the whole multiplicand 
mult be multiplied by every member of the multi- 
plier. In this cate, multiply the whole multiplicand 
by the firſt member of the multiplier, and ſer down 
the product in one line. Proceed then to multiply 
the whole multiplicand by the ſecond member of the 
multiplier, but in ſetting down the ſeveral products 

as 
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as they now ariſe, range them under thoſe quantities 
in the firſt line, which are of the ſame denomination. 
If no ſuch can be found in the firſt line, then ſet theſe 
products at length either in the firſt or ſecond line, 
not ſetting them under any that are not of the ſame 
denomination. Theſe ſeveral lines algebraically added 
together make the whole product. 

37. In writing down the multiplicand and the multi- 
plier, there is no neceſſity for ranging quantities of 
the ſame denomination under each other, or obſervin 
any particular order; but in ſetting down the ſeve 
products as they ariſe, that rule mult be obſerved, be- 
cauſe thoſe ſeveral products are to be added together. 

40. Examples of algebraic multiplication. 

1. mult, 4ab by 5 

2, mult. — 6@ by +76 

3. mult. 34 by — 4 

4. mult. 64b by — 46 

5. mult. —7 @ by —b 

6. mult. 5aa by —10 

7. mult. 34—4b+5c by +28 

8. mult, 94 — 105— 120 by —44 

9. mult, 6a—7b—8c by 24—36b+4c 
o. mult. aa+ab+bb by 4—6. 


Definition of the Terms POWERS and INDEXES. 


41. The products that ariſe from the continual 
multiplication of one number by itſelf, are called 
powers of that number. Thus 3, 9, 27, 81, 243, are 
powers of the number 3. Allo, a, aa, aaa, &c. are 


powers of the number repreſented by the letter a. See 
Tab. II. and Tab. IV. 


F 


r 
4 Powers 3 9 27 81 243 729 2187 
Tab. III. Indexes =» 3 4 $ 
rn Powers 10 100 1000 10000 100000 
Lab. 


44 MULTIPLICATION OF 
Indexes 2 3 4 8 
Tab. w. {powers 1 2 a a 
Powers 4, aa, aaa, aaa, 44. 


42. If the ſeries of the powers which thus ariſe 
from the continual multiplication, of one and the ſame 
number or quantity by itfelf, be marked with the na- 
tural numbers 1, 2, 3, 4, 5, &c. in order; thoſe num- 
bers are called indexes of the powers to which t 
belong, and they are read thus (Tab. II.) 3 in the 
power of 1 equals 3; 3 in the power of 2 equals q, 
and 3 in the power of 3 equals 27, and 3 in the power 
of 4 equals 81. And here we mult carefully Glei- 
guiſh between two expreſſions, ſomewhat alike in 
jound, but very different in ſenſe : 4 times 3, means 3 
taken 4 times or fourfold, and is equal to 12. But 3 
in the power of 4 (or as it is ſometimes called, the 
fourth power of 3) means 3 multiplied by itſelf 4 
times, or 4 multiplications of 3, and is equal to 81. 

43. Powers are alſo thus denominated from their 
indexes. The number itſelf is called the Firſt r. 
The number multiplied by itſelf is called the 
power of that number. This product again multi- 
plied by the original number is called the Third 
power, and ſo on. The firſt power is alſo called the 
Root, the ſecond power 1s called the Square, the third 
power is called the Cube. Theſe are names borrowed 
trom Geometry, but are of frequent uſe. 

Theſe Indexes have remarkable properties, which 
it is neceſſary for us here to enumerate. | 

44. Firſt: The addition of indexes anſwers to the 
multiplication of the powers to which they belong. 
That is, if the index of any power of a number be 
added to the index of another power of the SAME 
number, their ſum will be the index of a power, which 
is the produft of the multiplication of the two for- 
mer powers. Thus, in Tab. II, which is a ſcale of 
the powers of the number 3. The number 2, is the 
index of the number q among the powers of 3, and 3 
is the index of the number 27 among the powers of 
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the ſame number 3. Now add theſe two indexes to- 
gether, and their ſum is 5, which is the index of 243 
among the powers of 3. Therefore we may be ſure, 
that g times 27 makes 243. So again, 3 is the index 
of 27, and 4 is the index of 8 1, in the ſame ſcale of 
the powers of 3. But 3 and 4 added together make 7. 
Look for 7 then in the ſcale of indexes, and under it 
we ſhall find 2187 in the ſcale of powers. Therefore 
2187 is the product of the multiplication of 27 by 81. 

45. We have ſeen then, that the addition of in- 
dexes anſwers to the multiplication of powers. It 
follows of courſe, that ſubtraction of indexes muſt 
anſwer to the diviſion of powers. That is, if the in- 
dex of the diviſor be ſubtracted from the index of the 
dividend, the remainder will be the index of the quo- 
tient. Thus in the ſcale of powers of the number 2, 
if we would divide 2187 by 243, ſubtract 5 the index 
of the diviſor, from 7 the index of the dividend, and 
the remainder 2 will be the index of the quotient, 
which is therefore 9, as appears by inſpecting the ta- 
ble of 2 _ of 3. 8 

6. As the ſquaring any number is the multiplyi 
tha number by itſelf, ſo the ſquare of any — 
(in the ſcale of powers) will be found by adding the 
index of that number to itſelf, that is, by doubling 
the index of that number. Thus, the index of 27 in 
the ſcale aforeſaid is 3, and 3 doubled is 6, which is 
the index of 729, the ſquare of 27. In like manner 
cubing is performed by tripling the index. Thus, 2 
is the index of 9, and 2 tripled is 6, the index of 729, 
which is the cube of 9. 

47. But what is more material than all this; it 
follows from the laſt property, (viz. that multiplica- 
tion of indexes anſwers to the raifing of powers) it 
follows, I ſay, that diviſion of indexes muſt anſwer 
to the . of roots. To extract the ſecond, 
third, or fourth root of any number, is to find that 
number, which being multiplied by itſelf 2 times, 3 
times or 4 times, produce the original or pro- 

poſed 


«©; 
© 
is 
TM = 
5 
: 
| 
T 
44 
L p 
* 
| A 
; 
5 LM 
= T. 1 
1 
1 
1 
F £1 
1 
= 
Ft 
1 
Hy 
| 
43 
= 
= 
1 
4 
1 
1 


— me Tc 
r 
* 9 V —— 2 — 


46 MULTIPLICATION OF 


ed number. Thus 3 is the ſecond root of 9, and 
it is the third root of 27, or as we moſt commonly 
17. 3 is the ſquare root of 9, and the cube root of 27. 
If then we want to extract the cube root of 529, we 
divide its index 6, by the number 3, the quotient 2, 
is the index of the cube root of 729, therefore this 
root is 9, For as 6 divided by 3, gives a number 
which added to itſelf 3 times, or multiplied by 3, pro- 
duces 6; ſo if the index of 729, be divided by 3, it 
will give the index of a power (in the ſcale of powers, 
Tab. II.) which multiplied by itſelf 3 times, or raiſed 
to the third power will produce 729. 

When letters repreſent numbers, the index is put 
after the letter, — in a leſs character and above it. 
This diſtinguiſhes the index from the co efficient. 
Thus 64? is fix times à in the power of 2. 

48. Examples of multiplication where indexes occur. 

1. mult. 4˙ by 3a. 
2. mult. ab by —ab 
3. mult. 4ab* by — ;ad'c 
4. mult. —abc by —44 bf 
. mult. a'b*+ 3abc—78 by —54'c 
. mult. a ab ra D by a—b 
7. mult. 6a*—7ab+& by 24. 34b—4 
8, What are the 2d, 3d and 4th powers of a+b? 
9. Raiſe a—b to the 4th power. 

49. It has been obſerved, that @+Þ may repreſent 
the Sy and a—b the difference of any two numbers; 
whereof à is the greater and & the leſs. Multiply 
a+b by -b, and the product is aa—db, but 44 is 
the ſquare of the greater, and 6b is the ſquare of the 
leſs, and aa—Þb is their difference. Hence we get 
this theorem, that if the ſum of any two numbers be 
multiplied by their difference, the product will be the 
difference of the ſquares of thoſe two numbers. 

50. It is now time that we ſhould explain the 
unds of the rule before laid down reſpecting the 
ns in multiplication, namely, that like ſigns give 
++, unlike ſigns — in the product. This is generally 

repre- 
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repreſented as a greet myſtery, eſpecially when both 
ſigns are negative; and indeed the explanations ſome- 
times given make it myſterious enough. Such are 
thoſe which require you to admit as a poſtulatum, that 
a negative quantity is a quantity leſs than nothing: 
leſs than no quantity. The beſt explanations com- 
monly given, amount to no more than this, that un- 
leſs you admit the rule, you will make an error, but 
do not lay open the foundation of the rule. Let us 
try then whethe we can explain or rather demonſtrate 
this rule with better ſuccels. 

51, Now though the letters in algebra, a, b, c, &c. 
may for the moſt part repreſent any kind or ſort of 
quantity (as quantity of units, quantity of extenſion, 
quantity of duration, &c.) yet in the buſineſs of mul- 
tiplication, where ab ſtands for a product, we are 
reſtrained in the uſe of theſe ſymbols, and muſt in- 
terpret one of them, namely the multiplier, ro mean 
or ſtand for a number. It can ſtand for nothing elſe. 
For multiplication is, rightly defined, a compendious 
addition. The multiplier ſignifying how many times 
the multiplicand is to be added to itſelf. The an- 
ſwer to the queſtion, how many times ? is plainly a 
number and can be nothing elſe. Thus, a yard in 
length may be taken three times, an hour in duration 
may be taken three times; but a yard cannot be 
taken a yard-times, or a foot-times; nor can an hour 
be taken a day-times, or an hour»times. So alſo 
twenty ſhillings may be taken three times or four 
times, but cannot be taken twenty-ſhillings-times. 
The ſchool queſtion, * multiply twenty ſhillings by 
twenty ſhillings,” admits of no anſwer, becauſe it has 
no meaning. 

52, This premiſedꝰ, when the multiplieris an affirma- 

tive 


If it be objected to what has been ſaid, that we meet with 
the expreſſion 2a, where a ſtands for a line; I anſwer, that this ex- 
preſſion aa, may alſo ſtand for a line, — for a line which is a Third 


Pro- 


tive number, the meaning 
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of ſuch a multiplication is, 
that we are to add the multiplicand ſo many times to- 
gether, or to the other quantities in the problem, as 
there are units in the multiplier. In this caſe, if the 
multiplicand be a compound quantity, conſiſting of 
affirmative and negatiae members, the addition of ſuch 
algebraic multiplicand muſt be performed by the rule 
before Jaid down for the algebraic addition of ſuch 
compound quantities. The addition of the ſame af- 
firmative quantity ſeveral times, is equivalent to the 
addition of one greater athrmitive quantity. The ad- 
dition of the ſame negative quantity ſeveral times, is 
equivalent to the addition of cne greater negative 

uantity; that is, when the multiplier is affirmative, 
= rule is, that + into -+ gives +, but + into — 
gives —. ; 

53. When the multiplier is a negative number, 
the meaning of ſuch a multiplication is, that we are 
to ſubtract the Ws ſo many times from the 
other quantities in the problem. The multiplicand 
is to be accounted ſo many times ſubductitious as 
there are units in the multiplier. In this caſe, if the 
multiplicand be a compound quantity, conſiſting of 
affirmative and negative members, the ſubtraction of 
tuch an algebraic multiplicand, muſt be performed by 
the rule before laid down for the ſubtraction of com- 

nd algebraic quantities, that is, it muſt be per- 
ormed by the algebraic addition of thoſe quantities 
with their ſigns changed. This algebraic addition 
with ſigns changed, is to be repeated as many times 
as there are units in the multiplier. Thus then, 
when the multiplier is a negative number, and the 
multiplicand affirmative, the 22 muſt be entered 
down with the ſign —; but if the multiplicand be alſo 


* 
proportional, to a line aſſumed at pleaſure and called unity, and 
tot 


li " 
This and other caſes of the like fort will be better underſtood 
hereafter. : 
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negative, the product muſt be entered down with the 
ſign +. And theſe ſeveral quantities ſo entered 
muſt be algebraically added together according to the 
rule before given for ſubtraction in algebra. Thus 
we ſee that — into + gives -; but — into — gives +. 
Or, like ſigns give +, unlike -; ſee par. 34. 


THE RULE FOR DIVISION, 


54. Where the diviſor is a fimple quantity and the 
dividend either ſimple or compound ; but of ſuch a 
fort that the letters of the diviſor are found in every 
member of the dividend : in this caſe, divide every 
member of the dividend ſeparately, by the diviſor, ac- 
cording to the following rule. 

55. Firſt; Like ſigns give +, unlike ſigns — in 
the quotient. Secondly ; Divide the numeral co- 
efficient of the dividend by the numeral co-efficienc 
of the diviſor, and it gives the numeral co-efficient of 
the quotient. Thirdly ; The literal part of the quo- 
tient, will conſiſt of thoſe letters in the dividend, 
which are over and above what are found in the di- 
viſor. When powers of the ſame quantity occur, 
diviſion is ormed by the ſubtraction of their in- 
dexes, as was before ſhewn, par. 45. 

56. The truth of all theſe rules may be ſhown from 
this principle; that the diviſor multiplied by the quo- 
rient produces the dividend, 

57. Examples of ſimple diviſion. 

340) 12aab—15abb+18aabb( 

— 1059) 20ab—3oabb—40b( 

— 20) 20ab—40aabb+60( 

24.) —447+a*%— 84" ( 

—40ab) —80ab+120abb( 

6. —5@&b") — 134 ＋̃ 202 2323 

58. In all other caſes, that is, where the diviſor is 
a compound quantity, or if the diviſor be a ſimple 
quantity, but its letrers not found in every member of 
the dividend, then diviſion is performed by throwing 
the quotient into the form of a vulgar fraction, thus. 


D Write 


9 er 
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Write down the dividend for the numerator of the 
fraction, and the diviſor for its denominator, This 
indeed is not an actual diviſion; it is only creating an 
algebraic character or repreſentation of the quotient. 
But as the quotient is thus thrown into the form of 
a fraction, it will be ſubject to all the rules of vulgar 
fractions. Thus, two ſuch quotients may be added 
together, ſubtracted from each other, &c. and al- 
though the original quantities may be unknown, yet 
the relation which the ſum or difference of two ſuch 
quotients have to the original quantity may be thus 
diſcovered, | 

59. To give an example of this. Divide @ by a+6, 
and the quotient expreſſed fractional-wiſe will be 


22 Again, divide 5 by a;, and the quo- 


tient is 2. Add theſe two quotients together, and 


their ſum wilt be £222, 

aa—bb 
the numbers which @ and 5 repreſent, we diſcover, 
that if the greater of them be divided by their ſum, 
and the leſs by their difference, and thoſe two quo- 
tients added together, their ſum will be equal to the 
ſum of the ſquares of the two numbers divided by the 
difference of their ſquares. Example. 


Thus, without knowing 


Let the greater number a 2 12 
the leſſer number 5=8 

Their ſum a+b=20 

The difference - a—b=1 


* : a 12 
The greater divided by their ſum or IIS 7 
The leſſer divided by their difference or — = 5 82 
The ſum of theſe two quotients - - =} 
Now the ſquare of the greater or aa = 144 

the ſquare of the leſs or 33 = 64 

the ſum of their ſquares aa+6bb = 208 


the difference of their ſquares aa—bb = 80 
And 208, divided by 80, is 2 4 as before. 
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OF EQUATIONS. 


60. An equation is a propoſition, wherein two al- 
gebraic expreſſions are declared to be equal to each 
other. Such algebraic expreſſions uſually conſiſt 

artly of known and partly of unknown quantities. 
Thus 2x+9=3x+4, is an equation where x ſtands 
for ſome number unknown, conſequently 2 x. and 3 x 
will be unknown quantities; the numbers 4 and 9 
are known quantities. In this caſe 2x+9 is ſaid to 
Poſſeſs one ſide of the equation, and gx+4 is faid to 
poſſeſs the other ſide. This equation, tranſlated out 
of algebra into common language, would run thus, 
« Twice a certain unknown numver with 9g over, is as 
much as three times the ſame unknown number with 
4 over.” And here by the bye, we may obſerve, that 
all algebraic expreſſions, or equations (which are not 
nonſenſical, but have a real meaning) can be tranſlat- 
ed into common language. If they have a meaning, 
words undoubtedly may be found to expreſs that 
meaning; ſince algebra is only (as we have ſaid) a 
ſhort-hand character. We can diſcover the relation 
between different quantities more clearly, and deduce 
conſequences from that relation more eaſily, when 
thus expreſſed in a brief way by ſingle characters, 


alſo apply the rules of algebra reſpecting equations, 
&c. which are rules to aſſiſt us in reaſoning on ſuch 
quantities; ſo that we may neither make falſe con- 
cluſions, nor uſeleſs ones; ſuch as have no tendency 
to diſcover the particular truth ſought in any problem: 
all which will abundantly appear from what follows. 

61. To reſolve an equation, is to find the relation 
between the known and unknown parts; or to find 
the value of the unknown quantity. There are four 
proceſſes, or rules, which are to be applied in the ſame 
way, and in the ſame order, for the reſolution of all 
equations; and which will (as it were mechanically) 


D 2 deter- 


than when written down in words at length. We can 


© 
(] 

"i 

UL 

* 

1 

1 
* 

1 : 
| 0 

& 

- 
: s 

, . J 

"= 
2 #} ll 
G N 4 

* 
1 

1 o 
= 

» * 
1. 1 oy 
7 
) 7 
I 
= Ss 
1 » 
U 
* = 
C1 

- 8 * 

= 

. * n 
* 1 
* WH 

x . 
: 
, o 

\ * 

1 1 
* 

1 | 
o+ \ 
g - 
4 
0 

1 

* 4 
. = 
. : : (F 
7 

* 
8 N 
" - 
i 
8 
*_ . * 
1 44 
o 
. 
3 
. { 
l 1 
by © 
wp 
. 1 ' 

+ * 0 

15 
1 | 
th | 

£ . Hs 

': MY 

- „ 

1 4 
' 

' 1 ; 
4 - 
* By 
© * 

1 
iD 
=> 
f 
. 
| $*\ 4 
„ 
0 2 . 
= 2 
4 
8 
#4 + % 
T3 
+ W * 
* 
* 
© 177 
L : 
* \ 
3% | 
, 1.4 
* * 
. 
: : » 
=? 
1 
{ 
"1 
: 
3 4 . 
"23 2 
19 
* 1% : 
* : 
: T1 
: 
: 


82 RESOLUTION Or 


determine the value of the unknown quantity. Theſe 
proceſſes are grounded upon four Axioms, or ſelf- 
evident truths. We ſhall lay down the four Axioms, 
alſo the four proceſſes; then explain and demonſtrate 
the truths of thoſe proceſſes in their order. 

62. AXIOM 1. If equal quantities be added to 
equal quantities, their ſums will be equal. 

Axio 2. If equal quantities be ſubtracted from 
equal quantities, their remainders will be equal. 

Axio 3. If equal quantities be multiplied by 
equal quantities, their products will be — 

AXIOM 4. If equal quantities be divided by equal 
quantities, their quotients will be equal. 

63. PROCEss 1. Clear the equation of fractions. 

Rule. Multiply the whole equation by the deno- 
minator of any one of thoſe fractions, and that frac- 
tion will be taken away. Repeat this operation for 
every other fraction; till the whole equation conſiſts 
of integral quantities only. 

64. PROCESs 2. Bring all the unknown quantities 
to one fide of the equation; namely, to that fide which 
makes them affirmative, when incorporated into one 
unknown quantity. 

Rule. This is done by Tranſpoſition, to be explained 
preſently. The unknown quantities being brought 
to one ſide of the equation muſt be incorporated into 
one; whence will ariſe another equation, of the ſame 
value, in ſimpler terms. 

65. PROCEss 3. Bring all the known quantities to 
the other ſide of the equation. 

Rule. This alſo is done by Tranſpoſition. The 
known quantities being on one fide of the equation 
muſt, as far as is poſſible, be incorporated together, 
— will ariſe a ſimpler equation of the ſame va- 

ue. 

66. PRockss 4. When the unknown quantity is 
joined with a known co efficient, divide the whole 
equation by that co-efficient, and you will have the 
fingle value of the unknown quantity in known _ 

0 
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To explain proceſs 1, we muſt premiſe the follow- 
ing Lemma “. c 
"Vs. If any fraction is to be multiplied by its deno- 
minator, this may be done by taking away the deno- 
minator, and conſidering the numerator as integral. 


Thus, if the faction ; is to be multiplied by 3, the 


product will be 2 integral. Or if 7 is to be multi- 


lied by 5, the product will be 12 integral: as ap- 
— by what was taught in the doctrine of fractions. 


And for the ſame reaſon, if the fraction =* is to be 


3 
multiplied by 3, the product will be 2x. So alſo if 
a+# ;. to be multiplied by ab, the product will be 


a—b 
a+d. See the addition after par. 300. 

68. This premiſed; we proceed to demonſtrate the 
firſt proceſs. That this proceſs is juſt, appears from 
the third axiom : for both ſides of the equation are to 
be multiplied by the denominator of the fraction; if 
therefore they were equal before, they will be equal 
now. That this proceſs anſwers the purpoſe for 
which it is uſed, appears from the lemma. 

69. A compendium in ſome caſes. When ſeveral frac- 
tions Occur 1n an equation, and the denominator of 
ſome one of them, will meaſure (that is, divide with- 
out a remainder) the denominator of any of the others; 
begin to multiply the whole equation by the denomi- 
nator of that fraction; and let the fractions, whoſe 
denominators can be ſo meaſured, be multiplied by 
dividing their denominator by the number which 
thus meaſures them; as was ſhewn in the doctrine of 
fractions, par, 39. 


OF 
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OF TRANSPOSITION. 


70. Tranſpoſition is the removing of any quantity 
from one fide of the equation to the other, changing 
it fign: which may always be done without deſtroying 
the equality ; that is, the new equation which reſults 
from ſuch tranſpoſition will be a true equation. Thus 
let a=b=c—d. Remove now —Þ to'the other ſide 
of the equation, changing its ſign, and we have a= 
c—d+b, which I prove to be a true equation thus. 
By the hypotheſis - a- bc -d 
It is ſelf- evident, that - +h= +b 
Add the latter equat. to the former, and a # =c—d +b 
which 1s a true equation by the firſt axiom. 

Again; By the hypotheſis a—b=c—4; tranſpoſe a, 
and we have —b=c—d—48, which I thus prove: 

By the hypotheſis - a—b=c—d 
It is ſelf-evident, that - " RR a 
| Subtract the latter equation from the 
| former, and we have 
| which is a true equation by the ſecond axiom. 
0 Thus tranſpoſing a negative quantity is adding that 
Wl | quantity to both ſides of the equation. Tranſpoſing 
. an affirmative quantity, is ſubtracting that quantity 
from both ſides of the equation. The former opera- 
tion makes the value of the whole equation greater, 
| the latter operation makes the value of the whole 
= _—_— leſs than before, by the quantity ſo tranſ- 
| ed. 
18 | . In the ſecond proceſs, it is ſaid, that all the 
| unknown quantities muſt be brought to that fide of 
the equation, which makes them affirmative, when 
incorporated into one. Therefore when there is an 
be.) unknown quantity on each fide of the equation, a 
queſtion will ariſe, which of the two are we to tranſ- 
poſe? The following is the anſwer. If both the 
unknown quantities are affirmative, tranſpoſe the leaſt. 
If both are negative, tranſpoſe the greateſt. If one 
be affirmative and the other negative, tranſpoſe the 
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3 


: 
1 
1 


SIMPLE EQUATIONS. 55 


tive quantity. What we have now ſaid, explains 
w. 7 — the Tuck of proceſs ſecond and third, 

72. The truth of the fourth proceſs is evident from 
the fourth axiom. That it will anſwer its end and 
give the Angle value of the unknown quantity, is 
plain, becauſe if any quantity be divided by itſelf, the 
quotient will be unity, or one. 


Examples of the reſolution of ſimple equations. 
73. Example 1. Let 9 


12 
2. By proceſs 1. 2x+12=—=+27. 
3. By proceſs 1. 24x-+144=21x+ 324. 
4. 1 2. 24x ＋ 21K ＋ 1442 324. 
That is, (by the ſame) 31 ＋ 1442 324. 


5. By proceſs 3. 3* 2324 — 144 2 180. 

6. By proceſs 4. & = 50. 

Proof. 2x=120; 7 =. Again, 
7X—420; 28835 5 == as before. 


74. If in the firſt ſtep we had made uſe of the com- 
pendium before laid down, the work would have ſtood 


thus. Original equation T+4=T+9 
2x+ r2==+27 
8x+48=7x+108 
| 8x—7x+48=108 
that is x+48=108 
x=108—48=60, as 


before. 


75. Let us now enquire into the arithmetical va- 
lue of every ſtep, to ſee whether the equality is kept 


up. | 
Now if x be 60, then the value of each fide of the 
D 4 original 


1 
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original equation is 44, as was before ſhown. The 
ſecond ſtep is got by multiplying the firſt ſtep by 3. 
Now 2x=120, and 2x+12=132. Again, 21x= 


1260, and —= 10g, and — +27 132, as before. 


Here then both ſides are equal to 132, which is three 

times 44. | 
The third ſtep is derived from the ſecond, by mul- 

tiplying the whole equation by 12. Now 24x=1440, 


and 24x +144=1584. Again, 21x=1260, and 21x+ 


324=1584, as before, Here both ſides are equal to 
1384; which is 12 times 132. 

The fourth ſtep is derived from the third, by ſub- 
tracting 21x or 1260 from both ſides of the equa- 
tion. Now 3x=180, and 3x+144=180+144=324: 
Moreover, if 1260 be ſubtracted from 1584, the re- 
mainder will be 324. 

In the fifth ſtep 144 is ſubtracted from both ſides 
of the equation. Now 3x=180, and if 144 be ſub- 
trated from 324, the remainder will be 180. 

Laſtly, if 3x be divided by 3, the quotient is x; 
and if 180 be divided by 3, the quotient is 60, ſo 
both ſides of the equation are equal to 60, which 


is id of 180; the value of both ſides of the equation 


in * ſtep preceding. 

76. It is not to be ex we ſhould thus trace out 
the numerical value of every ſtep, in every example of 
ſimple equations; but the doing of this may be uſe- 
ful to a learner. 


21&— 35 20K 
21& 20K — 35 0 
that is x—35=0 , 
& 235. 
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Proof. 3xX=105; Sar; 1820. Again, 


41 1403 7 20, as before. 


8x x 
78. Example 3. Let ——1=—4 


5 
94—65. —20 
16x—110=9x—40 
T6X—9xX— 110 — 40, 
that is 7&— 110 40 
7X=—40+110=70 
X=10. 


Proof. 8x=80; i: E—11=5. Again, gx 


— 2 > an . 2. _ 
90 1529 =—4 5, as before. 
ar - 
79. Example 4. Let _—9I=——19 


GO 
0 


55X— 594=60x— 1254 
= 594=60X—55xX—1254, 
that is —594=5x—1254, 
or rather gx—1254=—594 
5X=1254—694=660 
X=132. 


Proof. 5x=660; 2==110z 2=—9g=10r. Again, 
I0x 10x 
JOXZ1320z T= ——I19=101, as before. 
80. Example 5. Let E—8=110—= 
"2 _ 56=770—6x 


 29x—280=3850— 30x 
59x—280= 3850 
= 


RESOLUTION OF 
59x=3850+280=4130 
xo. 
Proof. 29x 20 g 5 885 = —8=50. Again, 
6x=420; E=603 and 110—60=50, as before. 


81. Example 6, Let 2 23—6 


x—8=12—= 
6x—48=72—4x 
IO0X—48=72 


IOX=72+48=120 
X=12, 


82. Example 7. Let 2388 


* x—6=Z+10 


3x—18=x+30 


3x — Xx - 18 2 ＋ zo, 
| that is 2x—18=30 ; 


| 2x=30+18=48 
X=24. 
W x . | 
1 Proof. ==123 2 39 Again, ==> and =+ 
| 5=9, as before. 
4 83. Example 8. Let Z—3=Z+5 


Xx 
— 6. 
3 =Xx--10 


_ x—18=3x-+30 


—I8=3x—X-+30, 
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or rather 2x+30=—18 
2X=—18—z30=—48 
| X==24. 
Proof. = nd 7—3, or —=4—3=—7. Again, 


*=—12 and TS iz Ts =. as before. 


2 

84. Remarks on theſe two laſt examples. 

In this laſt example we ſee, that if x be —24, the 
original equation is a true equation according to the 
rules of algebra; for both ſides are equal to —7. 
But it will be ſaid, What does this — 24, and this —7 
mean? The former example, where x was 24, and 
both ſides of the equation 9, was plain enough; but 
this —24 is perfectly unintelligible. And ſo indeed 
it is, if x ſtands for a number in the abſtract. No- 
thing is plainer than that the half of any number is 
greater than a ſixth part of the ſame number, or that 


- is greater than py Now in the former example, it 


is affirmed in the original equation, that if 3 be ſub- 
trated from the greater of theſe two quantities; and 
5 be added to the leſs, they will then be reduced to 
an equality; all which is very poſſible. But in the 
latter example, it is affirmed (1n the original equa- 
tion) that if 3 be ſubtracted from the leſs of the two, 
and 5 be added to the greater, they will then be made 
equal: a thing utterly impoſſible and abſurd. 

85. But it x does not ſtand for number in the 
abſtract, but as applied ro ſome ſubject, (in its na- 
ture capable of the diſtinction into addititious 
and ſubductitious quantities) then the caſe may 
be altered. Thus, let x ſtand for the worth of 
ſome merchant, and let negative numbers ſtand 
for his debts; then the original equation, properly 


tranſlated, will run thus; - of this man's worth, 


together with a debt of 3 pounds, is juſt as much in 
value, 


= =", 
: 1 = — 
— — * 
2 2 C 
Oo an — , cw — — 
— — — - — — — 
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value, as = of his worth, with a credit of 5 pounds. 


Now what is he worth? And the anſwer is, He is 
24 pounds worſe than nothing, or 24 pounds in debt; 
which is plain. For - of his worth is a debt of 4 
pounds, which together with a debt of 3 pounds, 


makes a debt of 7 pounds. Again, = his worth is a 


debt of 12 pounds, which together with a credit of 5 
pounds, is in value the fame as a debt of 7 pounds as 
before: therefore his original worth was rightly eſti- 
mated at —24 pounds. 


86. Example 9. Let 20—2==21—= 


6 — 
120—5X=1 26—== 
960 — 40x=1008—42x 
960-+42x—40x=1008 
g60+2x=1008 
2x=1008—960=48 . 
pt; X=24. 


Proof. 5x=120; 2==203 and 20—2=0. Again, 


7x=168, Fat, and -F o, as before. 


10 87. Example 10. Let 75 = 
4 820.30 


7 
28x=870—30x 
28x + 30x==870 
58x=870 

X=15. 


Proof. 4x=60; 5 12. Again, 6x=90; 174—6x 
1 N , — 174 


* 
- . l; 
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2 2 


= 174 90 84, and —=—=12, as before. 


88. Example 11. Let 7 . 15 


„ 290 
—X -99=90, 
that is 1 — 

N= =9- 
Me the 5th we change the Ggn of every quan- 
in the 4th ſtep; ** order that x may come out 
ive. For we are to find bo value of +x, 
not of —x. That ſuch a change be made juſtly 


is evident, for it is 3 the w whole equation. 
Proof. 2x=18; 7 6, 5X=45; 99—5X=99—45 


: 784x—280=315x+189 
784x—315x—280=189 
469x—280=189 
469x=189+280=469 

XI. 
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780x— 180=770x—70 

780X—770X— 180=—70 
IO0X—180=—70 
10X=180—70=110 


#=1 5. 
Proof. 11x=12t; 11X—1=120; =L 
IIX—1 120 
— ns Shs 70 
==. Again, I3& = 143; 13x—3=140; and 13 —3 
as before. 
1 
Let 8x+1 12x+1 
—560x+70 
w— 12x+1 
588x+49=560x+70 
588x— 560x+49=70 
28x +49=70 
28x=70—49=21 
= 
| 3 
Proof. eres, 8x+1=7, and 9 5. 
. 2 20 
Again, 12x= * 25 12 & ＋ 1g 10, and — 


=7, as before. 
92. Example 15. Let 7 213. 
Here it is evident, that the latter fraction 1 


is to be ſubtracted from the former fraction = and 


that their difference is 13. The cleareſt way of carry- 
ing on the work is to put the vinculum over the latter 
fraction, and uſe the cter for multiplication till 
you are quit of the denominators by proceſs 1. 2 

* — 
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Er- AY g 

| 48x—7X103=3x=726 
But 7X 103—J3X=721—21X3 
Now from 48x 
Subtract 721—21K 
There remains —721+69x=728: 
Hence =728-+721=1449 
And X=21. 


Otherwiſe, you might at firſt have reduced the two 
fractions to s of the ſame value, having one com- 
mon denominator, and then have ſubtracted the nu- 
merator of the latter fraction from the numerator of 
the former, by the rule for ſubtracting fractions, 
thus: 6 and e Subtract 
the latter from the former, and we have their differ- 


I to Ni by the hypotheſi 
ence equal to ——_— 13 Dy the ypotheſis, 
and —721+69x=728, as before. 


Proof. 6x=126; == 18; 3x=63; 103 


—3x=103—63=40z; g and = 
=Z=i8-g=13. 


OF PROBLEMS. 


93. In every problem there are what mathemati- 
cians call, the data and the guefita; ſome conditions 
laid down and ſome quantities ſought. For inſtance, 
ſuppoſe it was aſked, What two numbers are thoſe 
whoſe ſum is 20, and whoſe difference is 12? Here 
are two conditions laid down; firſt, that the two 
numbers added together make 20: ſecondly, that if 
the leſs number be ſubtracted from the greater, the 
remainder will be 12. There are alſo two unknown 


quan- 


— — 


* 
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quantities ſought, the greater of the two numbers and 
the leſs. Now we are to argue algebraically from the 
conditions laid down, and from thence infer what the 
two numbers are. 

94. It muſt be obſerved, that the number of inde- 

dent conditions, ought to be the ſame with the 
number of unknown quantities, If the number of 
conditions be fewer, the problem will not be limited 
to one anſwer. For inſtance, if it was aſked, What 
two numbers are thoſe whoſe ſum is 20? Here it is 
plain there are many anſwers in whole numbers, and 
innumerable, if fractions be admitted. If there are 
more conditions than unknown quantities, they are at 
leaſt ſuperfluous; and may be inconſiſtent. The con- 
ditions here ſpoken of, muſt be independent of each 
other. All ſuch conditions as can be derived from 
each other, are to be counted as only one condition, 
Thus, if it be aſked, What two numbers are thoſe 
whoſe ſum 1s 20, and twice whoſe ſum is 40? Here 
the latter condition is implied in the former. You 
learn nothing more by being informed that twice their 
ſum is 40, than what you would have known without 
ſuch information. 

95. It 1s very uſeful when a problem is propoſed, 
to conſider whether the data and gue/ita do thus an- 
ſwer. Sometimes the number of the data will be 
clear, that of the quefita doubttul; ſometimes the 
number of the guefite be clear, and the data obſcure. 
But the conſideration of one will help to clear up the 
other, and make the circumftances of the problem 
better underſtood. 

96. In the ſolution, you are to ſubſtitute a letter 
arbitrarily for one of the unknown quantities; and 
to infer from one of the conditions, an algebraic ex- 
preſſion or name for the other unknown quantity. 
Of courſe there will be left the other condition from 
which you have not as yet argued at all, When you 
have thus got an algebraic expreſſion or name for each 


of the two unknown quantities; tranſlate this re- 
maining 
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maining condition into algebraic language, which will 

furniſh you with an algebraic eq | ; 

tion ſolved by the methods betore laid down, will 
ive the value of the unknown quantity ſought. 

7. The fame condition muſt not be uſed twice; 
it will only lead to an identical propoſition, and there- 
fore futile, 

98. If the nature of the problem is ſuch as ſhows 
that one of the unknown quantities is greater than the 
other; ſubſticute for the leaſt, and find an expreſſion 


for the other trom one of the conditions of the pro- 


blem. 

99. We have here ſuppoſed that there is not more 
than two unknown quantities ſought. The direc- 
tions here given, hold good, (mutaiis mutandis) hat- 
ever be the number of unknown quantities. But it 
is of very little uſe to ſpend time about the ſolution 
of problems in which many unknown quantities are 
concerned. 


We ſhall illuſtrate the precepts here laid down, in 


the ſolution of the problem betore propoſed. 

oo. Now it mult be oblerved, that when there are 
two conditions, and allo two unknown quantities, 
there will of courſe be four methods of ſolution. 
Firſt; You may ſubſtitute tor the greater of the two 
unknown quantities, and either from the firſt con- 
dition infer an expreſſion for che leſs unknown quan- 
tity, and from the ſecond condition get an equation; or 
from the ſecond condition inter an expreſſion for the 
lets unknown quantity, and from the firſt condition 
draw your equation. Bur, ſecondy; You may ſub- 
ſtitute for the leis of the two unknown quantities, and 
either from the firſt condition inter an expreſſion 
tor the greater unknown quantity, and from the ſe- 
cond condition get an equation; or from the fecond 
condition infer an expreſſion for the greater unknown 
quantity, and from the firſt condition draw your 
equation. We ſhall pon the ſolution of this one 

pro- 


equation. This equa- 


n * = -* — 
— — — — œ—-—ẽij — — —— h . — 
— — 
— 8 
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problem, through each of theſe methods, as an ex- 
ample once for all. 


101. PROBLEM 1. Given the ſum of two numbers 
20, and their difference 12. What are thoſe two 
numbers? 

METHoD iſt. Subſtitute for the greater num- 
ber x. Now the firſt condition is, that the two num- 
bers added together make 20. Whence I infer, that 
if either of thoſe numbers (the greater for inſtance) 
be taken from 20, the remainder will be the other; 
that 1s (in this inſtance) the leſs. Take therefore the 
greater number x, from 20, and the remainder or 
20—x will be the leſs. Having thus got an expreſ- 
ſion for the greater number by an arbitrary ſubſlitu- 
tion, and for the leſs, by inference from the firſt con- 
dition, ſubtract the latter, (or 20—x) from the for- 
mer (or x) and the remainder (or —20+2x) is their 
difference, which by the ſecond condition is 12 : 
which equation ſolved gives the value of x. Thus: 


The ter number x 
The leſs 20—x 
Their difference —20+2x 


Whence this equation —20+2x=12 
By procels 3d 2X=12+20= 32 
By proceſs 4th X=16. | 

Having thus found the value of x, the greater of 
the two quantities, ſubſtitute that known value for x 
in the ſecond ſtep, and you have 20—16 or 4 for the 
leſs. . 

102, METHOD 2d. Subſtitute as before for the 
greater number x. Now the .{econd condition is, 
that their difference (or the exceſs of the greater num- 
ber above the leſs) is 12; therefore it 12 be taken 
from the greater it will leave the leſs; ſubtract there- 
tore 12 from x, and the remainder (or x—12) is the 
lets. Now, having an expreſſion for cach of the two 
numbers, tranſlate the firſt condition into algebraic 
language, and you have an equation. Thus: 


The 
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The greater number * 
The lets X—12 
Their ſum 2X—12 
Whence this cquation 2X—12=20 
| 2X=20-+12=32 
X=16, as before, 
The leſs number is got by putting for x (in the ſe- 
cond ſtep) its value now found; thus 16—124, as 
before. 
103. METHOD 3d. Let us now change the ſub- 
ſtitution, and put y for the leſs of the two unknown 
uantities; but draw the expreſſion for the great-r 
trom the firſt condition. We before ſhewed, that if 
the two numbers added together make 20, then if ei- 
ther of them be ſubtracted from 20, the remainder 
will be the other. Take therefore the leſs number y 
trom 20, and the remainder or 20—y will be the 
greater. Having thus got an expreſſion for each of 
the two unknown quantities, tranſlate the ſecond con- 
dition and we have an equation, Thus: 


The leſs number y 

The greater 20—y 

Their difference 20—2y 

Whence this equation 20—2y=12 
—2y—12—20 


Or rather (ſee par. 88.) 252 — 12+20=8 


Having found the value of y, ſubſtitute this vatue for 
„in the ſecond ſtep, and we have 20—4=16 the 
greater number, as before. 

104. METHOD 4th. Subſtitute as before for the 
lels number y, and the ſecond condition is, that the 
excels of the greater number above the leſs is 12. If 
then we add this exceſs to the leſs number, we have 
the greater; therefore to y add 12, and the ſum or 
Y+12, is the greater. Having an expreſſion for each 
of the two numbers, tranſlate the firtt condition, and 
we have an equation, Thus: 


E 2 The 
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The leſs number 
The greater number y+12 
Their ſum 29+12 


Whence this equation 2y+12=20 
29y=20—12=8 


=4- 
Subſtitute for y in the ſecond ſtep its value now found, 
and we have 4 +12=16= the greater number as before. 

The laſt method is the beſt, becauſe addition is 
eaſier than ſubtraction. 

105. Here it may be obſerved, that if the ſame 
condition be uſed twice, we ſhall come to an identical 
propoſition. In the laſt caſe, the leſs number was y, 
the greater y 12, which expreſſion was got from the 
ſecond condition, namely, that the difference of the 
two numbers was 12, Let us try to uſe this condi- 
tion again to get an equation. Therefore to find their 
difference, ſubtract the leſs y, from the greater y+ 12, 
and there remains 12, which by the ſame condition is 
equal to 12, We therefore come to this concluſion, 
that 12=12, or that 12 is 12! The cate would have 
been the ſame in any of the other four methods. 

106. We have purſued this problem through all 
four methods. It is ſufficient to uſe one method; 
and in problems —_—_ only one unknown quantity, 
there is but one method. 

107, A problem of the ſame kind. 

The number of freeholders that voted at a certain 
election was 1296; the ſucceſsful candidate carried it 
by a majority of 120: How many voted on each fide? 

108, PROBLEM 2. Three perſons, .4, B and C, 
make a joint contribution, which in the whole amounts 
to 100 pounds. Of this A contributes a ſum un- 
known. B twice as much as A and 10 pounds more. 
Cas much as A and B together. I demand their ſc- 
veral contributions. 

Solution. Let A's ſhare = x 
B's ſhare =2x+10 
C's ſhare =3x+10 


Equa- 


Equation 6x +20=100 

6x=100—2080 . 

1 £& 8. . 

ig iz © 6 
8 
Proof. As ſnare 213 68 
B's ſhare 236 13 4 
C's ſhare =50 O o 

Total 100 oo. ü 

Remarks. In this problem there are plainly three 
unknown quantities, namely the three ſums contri- 
buted; and there are alſo three conditions. Firſt, 
that B's ſhare was twice as much as 7s, and 10 pounds 
more. Secondly, that C's ſhare was as much as both 
B's and A's together. Thirdly, that all the three 
ſhares together, amounted to 100 pounds. Ir is evi- 
dent from the terms of the problem, that M's ſhare is 
the leaſt, and therefore, according to the precept be- 
fore given, we ſubſtitute for F's ſhare, and get an ex- 
progres for the other two from the terms of the pro- 
blem. 

10g. PROBLEM 3. One goes with a certain quan- 
t:ty of money about him to a tavern, where he bor- 
rows as much as he had then about him, and out of 
the whole ſpends a ſhilling; with the remainder he 
goes to a ſecond tavern, where he borrows as much 
as he had then left, and there allo ſpends a ſhilling ; 
and ſo he goes on to a third and a fourth tavern, bor- 
rowing and ſpending as before, after which he had 
nothing left. I demand how much money he had at 
firſt about him, 

110. In this problem, it is evident there 15 only one 
unknown quantity, namely, the money he had at firſt 
about him. Of courſe there is only one condition, 
although at firſt ſight ir ſeems as if * were many. 


A long train of circumſtances are related; ſometimes 
increa "Eg, ſometimes decreaſing the money in his 
purſe. Bu 


t the condition laid down is, that after all 
E 3 the 
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the changes before deſcribed, he had nothing 
left.” In other words, that what he ſpent, was 
equal to his original money, together with all that 
he borrowed. 

111. As there is only one unknown quantity, there 
can be no room for choice in the ſubſtitution. Let x 
then itand for his original money, which may be con- 
ſidered either as a certain number of ſhillings, or a 
certain number of pence. In the firſt caſe, we muſt 
call the money he ſpends at each tavern one ſhilling, 
and we ſhall have the anſwer in ſhillings. In the 
latter caſe we mult call the money he ſpends at each 
tavern twelve- pence, and the anſwer will come out in 

nce. And we may here remark once for all, that 
all quantities of the ſame kind, muſt be expreſſed by 
one and the ſame denomination, in which denomination 
the anſwer will be given. 

112. That we may diſtinctly trace all the changes 
made in his money, it will be proper to attend him 
with a pocket-book, and enter his account as he goes 
on, in manner following. 


Original money - - - x 
Borrowed at the firſt tavern * 
Money after borrowing - 2X 
Spent at the firſt tavern - 124. 
Money left to go to the 2d tavern 2X—12 
Borrowed at the 2d tavern - 2X—12 
Money after borrowing - 4X—24 
Spent at the 2d tavern - I2 
Money left to go to the 3d tavern 4x—36 
Borrowed at the 3d tavern - 4x—36 
Money after borrowing - 8X—72 
Speut at the 3d tavern - 12 
Money left to go to the 4th tavern 8x—84 
Borrowed at the 4th tavern - 8k —84 
Money after borrowing - 16x—168 


Spent at the 4th tavern 
Money (finally) left 
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Hence this equation 16x—180=0, 


Therefore - 16x=180 
Y 9D. 1 Fe 
X=11 -, as will 
7 * 


appear, by keeping the account as above. 
7 3. PROBLEM 4. A man and his wife and child 
dine together at an inn. The landlord charged 10 
nce for the child. He charged for the woman, as 
much as for the child, and one third of what he 
charged for the man. But for the man he char 
as much as for the woman and child together. What 
did he charge for cach ? 
For what the man paid ſubſtitute - x 


Then the woman paid (by the iſt condition) 10+ 
The man paid (by the 2dcond.) 10+ 10+: or 20＋ 


| 3 
Therefcre - 20+ =x. 
Equation | - 20+*=x 
60+x=3x 
— 2.X 


30=x, the man's ſhare. 
D. 
Whence 10+<, or the woman's ſhare =10+10=20. 


Otherwiſe. For the woman's ſhare put y, and from 
the ſecond condition, the man's ſhare is y+ 10, but by 


the firſt condition, y= 104 TI 


„ whence 3y=30+ 


J+10 or 3y=y-+40, whence 2y=40, and y=20, as 
ore. 

114. A problem of the ſame kind. . 5 ; 
Three perſons ſubſcribe to a charity. A ſubſcribes 

100 pounds, B ſubſcribes as much as A and one third 

of what C ſubſcribes, C ſubſcribes as much as A and 

half B. What did each ſubſcribe ? 


E 4 115. PRo- 
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115. PROBLEM 5. A man leaves his fortune, 
which was 560 pounds, between his ſon and daughter, 
in this manner. For every half crown the ſon ſhould 
have, the daughter was to have a ſhilling. Whar 
were their reſpective fortunes ? 

Put x for the ſon's fortune in 22 then 8x is 


the number of half crowns he had, therefore 8x is alſo 
the number of ſhillings the daughter had ; and * her 


fortune in pounds: whence x4+ == 560 pounds the 
father's fortune, and we have this equaticn; 


8x 
x+ 20 560 
20x +8xX= t I zoo, 
or 28X=11200 
and xX= 400 pounds. 


The daughter's fortune 160 pounds. 
116. PROBLEM 6.“ Divide 560 into two ſuch 
parts, that one part may be to the other as gj to 2. 
Put x for one part, and then 560—x is the other. 


But as 5 is to 2, ſo is x to = (by the rule of three) 
therefore 7 is alſo the other part, therefore equal to 


560—x, that is = 560—x 


whence 2x=2800—5x 
and 7x=2800 
X=400 
360 — x, or the other part is 160. 

It is manifeſt that this laſt problem coincides with 
the former, and that the former may be ſolved on thrs 
principle; that the father's fortune muſt be ſo divid- 
ed bergeen the two children that their ſhares may be 

| to 


Perhaps it may be proper to poſtpone this problem till after 
az. 126. TE of its relation to the fore- 
Ning problem. 
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to each other as half a crown to a ſhilling, or as 5 
ſix-pences to 2 ſix· pences; or as 5 to 2. 

117, PROBLEM 7, Divide 20 into two ſuch 
that 3 times one part added to 5 times the other may 
make 74. 


For ane part put * 
For the other part 20—Xx 
Three times one part 3x 


Five times the other part 100—5x, 
Hence 3x ＋ 100 SX 7A or 100—2X=74 
100—74=2X=26 
321 
And the other part is 7 
There is nothing immediately diſeoverable in the 
conditions of this problem, that determines one of the 
two uaknown parts to be bigger than the other, and 
x may ſtand for either of them. But in the third 
ſtep, x is plainly conſidered as ſtanding for that part 
which is to be taken 3 times, whether that in the 
iſſue proves to be the greater or Jels part, and there- 
fore in the ſubſequent work, x is reſtrained to mean 
that part, and that only. 
118. PROBLEM 8. Two perſons A and B engage 
at play. A has 72 guineas, and B 32, before they 
in. After a certain number of games won and 
loſt betweed them, A riſes with three times as many 
n as B. I demand how many guineas A won 


For the number of guineas A won put » 


Then A riſes with 72 ＋& 
B riſes with 52 —K 

But by the problem 92+x=3X52—x 

Whence 3211. 


119. In many caſes the ſolution of a problem is 
made eaſier by ſeeking, not the unknown quantity re- 

uired, but ſome other unknown quantity, trom which 
the former may be derived. Thus, inſtead of ſeeking 
the money A won of B, let us enquire what each riics 


with, 
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with, and thence infer what A won. Put therefore y 
for che money B riſes with, and the money A rites 
with is of courſe 3y. Now, as what one lifes the 
other wins, they muſt have the ſame money between 
them at riſing up, as at fitting down; that is, 2 3+ 
=72+£2 or 4y=124, and y=3z. Whence it fol- 
lows that B has loſt 21 guineas, of courſe A has won 
21 guineas, which is a direct anſwer to the demand in 
the problem. 

120. PROBLEM 9. A ſtudent coming into a book- 
ſeller's ſhop, aſks the price of his ſtock of books; to 
which the bookſeller replies, I will have four ſhillings 
a volume for them, one with another. No, replies 
the ſtudent, I have not money enough by five pounds 
to pay for them at that rate, but if you will let me 
have them at three ſhillings and four pence a volume, 
1 can then pay for the whole and ſhall have five 
pounds left to pay for the carriage. What number 
of volumes had rhe bookſeller, how much money 
had the ſtudent? 

121. There are in this problem ſeemingly two un- 
known quantities, the number of volumes in the ſhop, 
and the money the ſtudent had in his pocket. But 
theſe are dependent on each other: if you know the 
one, you can infer the other from it. Subſtitute for 
either, for inſtance for the number of volumes, and 
thence compure the ſtudent's money, on the firſt ſup- 
poſition, that the books were four ſhillings a volume. 
Again, compute the ſtudent's money, on the ſecond 
ſuppoſition, that the books were three ſhillings and 
fourperice a volume, and you will have two different 
expreſtions for the ſtudent's money, which are there- 
fore equa! o each other. 

122, Number of volumes - x 
Their value (in ſhillings) on the firſt ſuppoſition =4x 
Student's money (in ſhillings) =4x—100 
Value of the volumes (in ſhillings) on the ſecond ſup- 


poſition is xx 3 == 
FJ 
Stu. 
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Student's money (in ſhillings) on the ſccond ſuppoſi- 


tion ** 100 


, 10x 
Equation 4 100:=— +100. 


Whence x = zoo volumes, and the ſtudent had 1100 
ſhillings or 55 pounds. . The value of the books is 
60 pounds at 4 ſhillings a volume, and 50 pounds at 
3 ſhillings and 4 pence a volume. 

123. PROBLEM 10. Given the difference of two 
numbers 10, and the difference of their ſquares 120, 
to find the numbers. 

Let the leſs number be =x 

Then from the firſt condition, the greater is x + 10® 

The ſquare of the greater xx-+20x+100 

The ſquare of the leſs xx 

The difference of their ſq. 20x +100=120 

Whence x=1 the leſs, and x +10 or the greater 
* 

124. A problem without a ſolution. 

From each of 16 pieces of gold, an artiſt filed the 
worth of half a crown, and then offered them in pay- 
ment for their original value. But being detected and 
the pieces weighed, they were found to be worth, in 
the whole, no more than 8 guineas. What was the 

original value of each piece ? 
123. PROBLFM II. A perſon was hired to work 
for a year at 7 ſhillings a day, on this condition, that 
for every day he played, he ſhould forfeit 3 ſhillings. 
At the end of the year he had nothing to receive or 
ro Pay How many days did he work? 
or the number of days he worked put x 

Then the number of days he played was 365 -K 

Money earned =7x | 

Money forfeited 3X 365—x=1095—3x 

Equation 7X=1095—3x, 

Whence 


Here the firſt condition readily affords an expreſſion for the 
other unknown quantity : not ſo the ſecond na” 
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Whence x=109 -, that is he worked 109 days and 


an half, and therefore played 255 days and an half. 

126. Of the character for proportionality, and of 
turning Analogies into Equations, and vice verſa. 

When four numbers are of ſuch a fort, that the 
firſt has the ſame proportion to the ſecond, that the 
third has to the fourth, then ſuch numbers are faid to 
be proportional. Such numbers conſtitute the terms 
of what is called an analogy, and if the three firſt terms 
are given, the fourth may be found, by multiplying 
the ſecond and third terms together, and dividing that 
product by the firſt term. 

127. The character whereby ſuch proportionality is 
expreſſed, is two dots interpoſed between the terms of 
the firſt pair, alſo two dots mterpoſed between the 
terms of the ſecond pair; but between the two intire 
pairs, four dots are interpoſed : thus, 3:4 :: 12: 16, 
and it is read thus, 3 is to 4 as 12 is to 16. So again, 
4: 3 :: c: d, that is, a is to ᷣ as c is to d. And in this 
caſe the fourth term d=2. 

128. Hence it follows, that aXd=bxXc; that is, 
the product of the multiplication of the two extreme 
terms, is equal to the product of the multiplication of 
the two mean or middle terms. Whenever therefore 
the conditions of a problem furniſh us with an analogy, 
that analogy implies an equation. 

129. And if an equation be propoſed, in which 
each {ide conſiſts of the multiplication of two quanti- 
ries; that equation can be turned into an analogy. 
For the two factors on one ſide of the equation are 
the two extreme terms; and the two factors on the 
other fide, the two middle terms of the analogy. 
Thus, if ax=bc, thena:b::c:x. Again, if ax=6, 
then 4: H:: I: x, becauſe þ may be conſidered as 1X6. 

130. PROBLEM 12. What number is that, which 
being ſeverally added to 36 and 52, will make the 
former ſum to the latter as 3 is to 4? 3 

4 
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Let the unknown number be x 
Then the former ſum is 36+x 
the latter ſum is 52+x : 
But by the terms of the queſtion we have this ana- 
logy; 36+x : 52+X:: 3: 4, which analogy gives 
this equation 36+xX(4=52+XxX 3, that is, 144 +4x 
=156-+ 3x. 

Whence x=12. For 26+12=48, and 52+12= 
64; now 48: 64::3: 4, uſe 4X48 =3 x 64, cach 
ſide being 192. ; 

131. Caſe 2. What number is that, which being 
ſeverally added to 36 and 32, will make the former 
ſum to the latter, as 2 is to 3? 

Here, as before, the former ſum is 36 ＋π 

the latter ſum is 5$52+x 

Analogy 36+x : 52+x :: 2: 3, whence 36+xX 
=52+XxX2, or 108 ＋ 3x=104+2x and X=—4. 

—4 therefore is the number ro be algebraically 
added to each of the two propoſed numbers, that 
their (algebraic) ſums may 4 to each other as 2 is 
to 3; but the algebraic addition of —4 is the ſame as 
the arichmerical ſubtraction of +4. That is, if we 
take the words of the problem in the vulgar and nar- 
row ſenſe of adding arithmerically, it is impoſſible to 
find ſuch a number as the problem requires. But if 
we take the words in the — algebraic ſenſe, and 
by adding, mean either an arithmetical adding, or an 
arithmetical ſubtracting, as the caſe may require ; 
then the problem admits of an anſwer, (ſer par. 23— 
26). And we are given to underſtand, that the con- 
ditions of the problem cannot be anſwered by the 
arithmerical addition of any number whatever, but it 
requires the arithmetical ſubtraction of a certain 
number, and that number is 4. And this appears 
plainly, for 36—4=32, and 52—4=,8. Now 32: 
48 ::2: 3, for 3X32=2X48, each ſide being 96. 

132. However confined the terms of the problem 
may be, as verbally expreſſed; when the conditions 


are 
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are put into the algebraic character, they will then 
have a more extenſive ſenſe; and all that latitude of 
meaning, that is peculiar to the algebraic language. 

133. Caſe 3. Let us find that number, which be- 
ing ſeverally added to 36 and 52, will make the for- 
mer ſum to the latter as 2 to 1. 

Purſuing the ſteps of the former caſes, we ſhall 
have Xx=—68. Now if —68 be added (algebrai- 
cally) to 36 and 52 ſeverally, the former ſum will 
be —32, the latter —16, which is the ſame, as 10 pro- 
portion, as +32 and +16; the diſtinction of affirma- 
tive and negative having no place in caſes of pro- 
portion. 

The problem therefore in the enlarged algebraic 
ſenſe, is this: What number is that, which being ſe- 
verally incorporated with 36 and with 52, will make 
two other numbers having the proportion aſſigned in 
the problem? In the firſt inſtance, the incorporation 
was performed by adding that number to the two 
given numbers: in the ſecond inſtance, it was per- 
formed by ſubtracting the number ſought from each 
of the two given numbers. But in the laſt inſtance, 
this incorporation was performed by ſubtracting the 
two given numbers from the number fought. 

134. PROBLEM 13. A footman who contracted 
for 8 pounds a year and a livery, was turned away at 
the end of 7 months, and received tor his wages 
2L. 135. 4d. and his livery, What was the value or 
the livery? 

For the value of the livery put x, then his vear's 
wages is 8+x. To tind his wages for 7 months, ſay. 
it 12 months give 6--x, what will 7 months give? 
ARES but he received 2 . 


56 
12 


and the anſwer is 

2 
2224 
3 


3 | 
+x. Multiply both ſides by 3, and we have * 


4 
=8+ 


therefore we have this equation 
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=8+gx, whence 56+7X=32+12x, and 56=32+ 
12xX—7x=32+5x, hence 5X=24 pounds and x=4 5 


nds =4 pounds and 16 ſhillings, 

"For his Year's wages is worth 120. 16s. and 7 
month's wages is worth /. 95. 4d. (at a guinea and a 
eroat a4 month) from this take 2. 13s. 4d. and there 
remains 4/7. 16s. the value of the livery as before. 

135. PROBLEM 14. A ſhepherd driving a flock 
of ſheep in time of war, meets with a company of ſol- 
diers, who plunder him of half his flock and half a 
ſheep over. The ſame treatment he meets wich from 
a ſecond, a third and a fourth company; every ſuc- 
ceeding company plundering him of halt the flock the 
laſt had left and half a ſheep over, inſomuch that at 
laſt he had only eight ſheep left. I demand how 
many he had at firſt * | 

For the number he had at firſt put x. 


Taken by the firſt company 1 


| 2.x 
Subtract this from x, or _ and there remains 
2 


X—T 1 X—1 


F 


. X— TI 2X—2 1 — 
Subtract this from * . there remains 2 


Taken by the 2d company 


Taken by the 3d company e 
| 


Subtract this from = 2x—6 


Taken by the laſt company "Y = + 4 ==+ I 
I I 


; X=— bobs 
Subtract this from — or _ 5. there rem in: 


X—T 
_ left by the laſt company. Therefore — 


—— P — 


16 
136. This 


=8, and x= 143. 
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136, This queſtion has the appearance of ſome- 
thing paradoxical; for how could the ſoldiers take 
half a ſheep? But if the original flock was an odr 
number, then half the flock conſiſts of an integral 
number and half a beſides, and half the flock 
with half a over is an integral number of ſheep. 
If the remainder be an odd number, the caſe will 
the ſame RN the ſecond company. And fo we 
ice it happens, with reſpect to all four companies z but 
if a fifth was to come, the ſame paradoxical circum- 
ſtance could nct take place. 

137. PROBLEM 15. One buys a certain number 
of eggs, half whereot he * at two a penny, the 
other half at three a penny. Theſe he afterwards fold 
out again at the rate of five for two pence, and con- 
trary to his expectation Joſt a penny by the bargain. 
What was the number of eggs ? 

Subſtitute for the number of eggs =x. 


Value of half his eggs or = at 2 a penny = 


on +1% 


Value of half his eggs or = at g a penny = 


Paid for the whole 7 6 
Value of the whole number at 5 for two pence is 


8 >; 25X=—-24X 
5 — "_ nern. 


5 12 5 bo bo 
and x=60. 


138. This queſtion has alſo the air of a parodox. 
The jingle of the words miſleads. Had he bought 
one halt, at one egg for two pence, and the other halt 
at one egg for three pence; then he might have fold 
the whole at two eggs for five pence without loſs. 
There being an equal number of the cheaper and of 
the dearer eggs, he might have taken an egg out of 
one half and an egg out of the other half to pair with 
ir, and fold thele two for five pence without Joſs. 
Bur if he attempts thus to lot each half in our nn 

taking 


8SIMPLEEQUATIONS. 81 


taking two eggs out of one moiety, and three eggs 
out of the other moiety ; the latter moiety (the cheaper 
ſort) will fail, when he has made up ten lots, and there 
will remain ten eggs of the dearer ſort, and none left 
of the cheaper ſort to pair with them. Theſe ten coſt 
him five pence. Now if he ſells them alſo at five for 
two pence, they will bring him only four pence ; fo 
that he will loſe one penny by his bargain. 

139. PROBLEM 16. A courier paſſing through a 
certain place A, travels at the rate of five miles in two 
hours. Four hours after another paſſes through the 
ſame place, travelling the ſame way at the rate of 
ſeven miles in two hours. I demand how long, and 
how far the firſt muſt travel before he is overtaken by 
the ſecond ? 

140. Before we ſet about the ſolution of this pro- 
blem, it may be proper to remark, that there is only 
one unknown quantity, and only one condition. For 
though it is aſked not only how long, but likewiſe 
how far the firſt travelled, yet theſe two circumſtances 
are dependent on each other; the diſtance travelled 
can be inferred from the time, or the time from the 
diſtance as the rate of travelling is given in the terms 
of the problem. The condition (and the only condi- 
tion) is, that the latter overtakes the former, which 
implies that they are then together; and of conſe- 
quence each at the ſame diſtance from the place 4; 
this equality of their reſpective diſtances from A fur- 
niſhes the equation, 

141. Let x be the number of hours the firſt tra- 
velled, after he paſſed through 4, and before he was 
overtaken; then will x —4 be the number of hours 
the ſecon d travelled. To find how far the firſt tra- 
velled in the time x, ſay, if two hours carry him five 
miles, how far will x hours carry him? The anſwer 


3 a 
is = miles. Again, to find how far the ſecond tra- 


velled in x—4 hours, ſay, if two hours carry nim 7 
miles, how far will x—g ny him? The anſwer 1s 


7*— 
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— miles. But when the ſecond overtakes the 


2 
firſt, they will both be at the ſame diſtance from A. 
and both have travelled the ſame number of miles. 


Therefore = whence 5x=7x—28, and 


x=14 hours, the time the firſt travelled, and x—4 or 
14—4=10 hours, the time the ſecond travelled. 

142. To find how far the firſt travelled, ſay, if two 
hours carry him 5 miles, how far will 14 hours carry 
him, and the anſwer is 35 miles. 

Again, To find how tar the ſecond travelled, ſay, 
if 2 hours carry him 7 miles, how far will 10 hours 
carry him, and the anſwer is 35 miles; which ſhews 
that he has overtaken the firſt. 

143. Caſe 2. All things remaining as before, let 
now the ſecond courier travel at the rate of three 
miles in two hours, I demand when he will overtake 
the firſt in that caſe? 

Pur x for the time travelled by the firſt as before, 


and x—4 will be the time travelled by the ſecond. 


The miles travelled by the firſt will be S, and the 


miles travelled by the ſecond will be =, and we 


have this equation S whence x=—6 
hours, the time the firſt travelled, and x—4= —6—4 
=—10, the time the ſecond travelled. Again, if 2 
hours carried the firſt 5 miles, how far will —6 hours 
carry him, and the anſwer is —15 miles. Likewiſe if 2 
hours carry the ſecond 3 miles, how far will — 10 hours 
carry him? and the anſwer is alſo — 15 miles. 

144. Here it may be aſked, what is the meaning of 


Es hours, and —10 hours, and of —15 miles, and 


what is the real anſwer to the problem? ; 
To anſwer this we muſt obſerve, that in ſolving the 


problem, the equation was derived from this circum- 
ſtance, 
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ſtance, that their reſpective diſtances from the place 
A were equal. Therefore the algebraic language 
made uſe of in the ſolution of the problem is more 
extenſive than the words in which it is propoſed. 
The enquiry in the algebraic ſolution is, at whar time, 
and in what part of the road, the two couriers either 
will be, or have been together? whether that place be 
in the part of the road to which they are going, or 
from which they have come ? ſince in either caſe, when 
together, they will both be at the ſame diſtance from 
the place 4, Now, as all that part of the road from 
A forward, to which they are going, 1s called affirma- 
tive; fo all that part of the road on the other ſide A 
(in the contrary direction) muſt be called negative. 
In like manner, as all the time to come after their 
paſſing through A, is called affirmative, ſo all the time 

{ before their arrival at A muſt be called tive: 
uture time being counted affirmative; paſt time 
muſt be counted negative. The meaning of the 
anſwer is, that the two couriers were together 15 
miles from A, on the other fide, from whence they 
came; and this happened ſix hours before the firſt, 
and ten hours before the ſecond paſſed through A. 
Nor muſt we be ſurpriſed to find an anſwer to a queſtion 
that was not aſked in the words of the problem, ſince the 
queſtion was plainly ſuppoſed in the algebraic equation. 

145. It ſhould be obſerved, that this queſtion al- 
ways admits of one anſwer, and one only. When the 
ſolution gives an affirmative anſwer, there is no nega- 
tive one; and contrariwiſe. There is but one place 
in which the two couriers can be together. Before 
they arrive at that point, the ſwifter ot the two, gain- 
ing ground on the ſlower, they will continually ger 
nearer and nearer, till at laſt the ſwifter overtakes the 
lower. After that, the ſwifter outgoing the ſlower, 
they will ſeparate more and more, and never be toge- 
ther again. In the firſt caſe of this problem, the 
place and time when they were together happened 
after they paſſed through 4; in the ſecond caſe it 
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happened Before they arrived at A. In this ſecond 
caſe the problem is literally impoſſible. For the ſe- 
cond courier, not only travelling ſlower than the firſt, 
but likewiſe ſetting out later, can never overtake him. 

146. The conditions of the problem may be ſuch 
that it is not capable of an anſwer ; no, not in that 
extenſive ſenſe which the algebraic characters admit 
of. A problem may be ſo propoſed as to be incapa- 
ble either of an affirmative or a negative anſwer; and 
yet rules are laid down which, one would think, muſt 
mechanically produce an anſwer. And if we work 
by thole rules, ſhall we not get an anſwer to a pro- 
blem, which cannot poſſibly have an anſwer? And if 
o, what muſt we think of ſuch rules? — We ſhall an- 
{wer this hereafter. 

147. When two unknown quantities are concerned 
in a problem, we are to ſubſtitute a letter for one 
of them, and deduce an expreſſion for the other from 
one of the conditions of the problem, according to 
the directions before given. But the ſolution of the 
problem will be more zechnical, and therefore caſier, 
if letters be ſubſtituted for every one of the unknown 

uantities. Having by this means got an expreſſion 
in the algebraic language for every unknown quan- 
tity that occurs 1n the problem, the conditions will be 
readily tranſlated into that language. The conditions 
thus tranſlated, are called fundamental equations. If 
theſe fundamental equations contain fractional quan- 
tities, they mult be treed from fractions by the firſt 
proceſs formerly laid down. Hence will be derived 
two others called ſecondary equations, which are to 
be numbered, and called the firſt and ſecond equa- 
tions : all the following equations, derived from them, 
are alſo to be numbered, beginning with theſe two. 
By means of the firſt and ſecond equations, compared 
together, one of the unknown quantities muſt be ex- 
terminated ; ſo that from thence may reſult an equa- 
tion containing one unknown quantity only, to be 

ſolved by the rules already laid down. 
u 148, There 
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148. There are three methods of exterminating any 
one of the unknown quantities by means of a pair of 
equations. The firſt 1s by deriving from the two ſe- 
condary equations two others; in each of which one 
of the unknown quantities ſhall be found with the 
ſame co- efficient. For then adding thoſe two equa- 
tions, when the unknown quantity has unlike ſigns, 
or ſubtracting one equation from the other, when the 
unknown quantity has like ſigns, will give an equa- 
tion in which that unknown quantity is wanting. 
Now two ſuch equations, may be derived from the 
ſecondary equations, by multiplying the firſt equation 
by the co-efficient of the unknown quantity in the ſe- 
cond equation, and again multiplying the ſecond equa- 
tion by the co-efficient of the unknown quantity in 
the firft equation. And here it may be obſerved, that 
if the co-efficient of one of the unknown quantities 
in either equation is an aliquot part of the co-efficient 
of the ſame unknown quantity in the other equation, 
we may multiply the former equation vy that aliquot 
part, and we ſhall have two equations in which that 
unknown quantity is found with the ſame co- efficient 
in each; and that by virtue of one multiplication 
only. 
Th, The ſecond method is to find from each of 
the two ſecondary equations, a value of one of the 
unknown quantities, in terms in which the other only 
is concerned, and then equating theſe two values to 
one another. 

150. The third method is to find a value of one of 
the unknown quantities in terms in which the other 
only is concerned, from one of the ſecondary equa- 
tions, as before, and then ſubſtituting that value for 
the ſame unknown quantity in the other ſecondary 
equation. 

We ſhall give the ſolution of the following problem 
in each of thele three methods, to illuſtrate what has 
been ſaid. 


151. PROBLEM 17, It is required to find two 
F 3 num. 
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numbers with the following properties, That half the 
firſt with a third part of the ſecond may make 16, and 
that a fourth part of the firſt with a fifth part of the 
ſecond may make 9g. 


Let the firſt number be x, the ſecond y. 


Fundamental equations 5 


. I. 3x +2y9=96 
Secondary equations E * * 2. 
Whence by the yrſt method we have 
Equat. 3. 15x+I09=480 
Equat. 4. 15X+12y=540. 
Subtract equat. 3. from equat. 4. and we have 
Equat. 5. „ +2y=60 
and Equat. 6. J=30. 

To find the value of x, ſubſtitute for y in the firſt 
equation its value now found, and 3x+60=96, 
whence X=12. 

152. Let us now exterminate y, by this ſame firſt 
method. This 1s rather to be choſen, becauſe the 
co-efficient of y in the firſt equation is an aliquot part 
of the co-efficient of y in the ſecond equation : mul- 
tiply equation the firſt by 2, and we have 

Equat. 3. 6x+4y=192. _. 
Subtract equat. 2. from equar. 3. and we have 
Equat. 4. x=12. 

The value of y will be found from either of the 
Tecondary equations, as before. 
153. Let us now exterminate x, by the ſecond me- 
tied. | 


6—2 
From equat. 1. we have equat. 3. x= 


3 


180— 
From equat, 2. we have equat. 4. &= : 


5 
Hence equat. 5. 22 nts . 


This 


SIMPLE EQUATIONS. 


87 


This equation contains only one unknown quan- 
tity, and therefore may be ſolved by the rules before 


laid down, and gives in the concluſion y=30. 
154. Let us now exterminate x, 


by the third method. 


From equation 1. we have (as in the ſecond method) 


Equat. 3. &= 


96—2y 


— — 
3 


3 


Whence equat. 4. 5x= — 4 


Subſtitute for 5x, in the ſecond equation, its value 
thus found, and we have equat. 5. WY 


180. This equation contains only 


y=30, as before, 


3 


+4y= 


one unknown 
quantity, and being ſolved by the common rules gives 


Sometimes one method, ſometimes another is to be 
choſen, according to the nature of the problem. 


155. PROBLEM 18. 


of the other may make 6. 


Divide 20 into two ſuch 
parts, ſo that a third of the one part, added to a fifth 


For the two parts put x and y, and we have 


Fundamental equation 5 


Secondary equations 4 


xX-+y=20 


T 6 
375 
iſt, F x+y=20 


5X+ 3) =90» 


From equat. 1. we have equat. 3. y=20=—x; for y, 
or rather for 3j, in equat. 2. ſubſtitute its value, ac- 


ence 

156. PROBLEM 19. 
ſhillings of your mo 
had each? 


P 4 


conn to method third, and we have 
— ns 4. 5xX+60—3x=90=60+2x, 

X=15, and by equat. 3. y=5. 
Says A to B, give me five 


r money, and [I ſhall have twice as 
much as you will have left. Says B to 4, rather 


ive me five ſhillings of your money, and I ſhall 
ave 3 times as much as you will have left. What 


For A's money put x, for B's money put y. 


un- 
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Fundamental equat. 15 pores |; whence 
JI 5=3XF—5 

Equat. 1. x+5=2y—10 

Equat. 2. 3X—15=)+5. 
Double this (by method firſt) and we have 

Equat. 3. 6x—g0=2y+10. 
Subtract equat. 1. from equat. 3. and 5x—35= #+20, 
whence x=1i1. This ſubſtituted for x, in equat. 1. 
gives 11+5=2y—10, whence y=13. 

After the firſt exchange, A had 16 ſhillings, and B 
8 ſhillings, but 16=2 x68. After the ſecond exchange, 
A had 6 ſhillings, and B 18 ſhillings, but 3x 6=18, 
which is the proof. 

1:57. PROBLEM 20. From the Ladies“ Diary 1708, 

When firſt the marriage knot was tied 

Betwixt my wife and me, 
My age to her's we found agreed, 
As nine doth unto three : 
But after ten and half ten years, 
We man and wife had been, 
Her age came up as near to mine, 
As eight 1s to ſixteen. 
Now tell me, if you can, I pray, 
What was our age o'th* marriage day ? 

For the man's age put x, for the woman's y. 

#:9::90; % Qema3: 1 
Then HA :3+15 :: 16:8, or as 2: 1, 
Whence equat, 1. xX=3y 

Equat. 2. xX+15=2y+30. 

For x in the ſecond equation, ſubſtitute its value 
found in the firſt equation, and we have 3y+15=2y 
+ 30, whence y=15, and x=45. 

158. It is manifeſt, that the difference of their 
ages mult always be the ſame, namely 3o years, but 
though the difference between two numbers is always 
the tame, yet their proportion to each other alters, as 
might be learnt from problem 12. par. 130. In the 
preſent caſe, 45 is three times 15; add 15 to each 
number, and the former number becomes 8 the 

ater 
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latter 30; but 60 is only the double of 30. Thus 
we ſee the difference between two numbers may be 
the ſame, and yet their proportion alter; and contra- 
riwiſe, the proportion between two numbers may be 
the ſame, yet their difference alter. Thus the pro- 
portion between 2 and 3 (or rather of 2 to 3) is the 


þ 
1 

4 

4 


former numbers is only 1, that of the latter two num- 
bers 1s 4. 


He has alſo two ſaddles, one valued at 16 
pounds, the other at 4: now if he ſets the better ſad- 
dle upon A, and the worſe upon B, then A will be 
worth twice as much as B; but if he ſets the better 
ſaddle upon B, and the worſe upon A, then B will be 
worth three times as much as A. 1 demand the va- 
lues of the horſes. 

For the value of A put x, for B put y. 


Fundam. f x+16=2Xy+40r x+16=2y+8=eq.r, 


equations y 16=3Xx+40r 3x+12=y+16=eq.2. 
From equat. 2. we have 3x—4=y and 6x—8=2y. 
Subſtirute this for 2y in equat. 1. and x+16=6x+ 


a 


8 


4. *. . 
8—8=6x, whence gx 16 and x3 73 4, and y= 


g_ & 2 
ZX—4= go 5 . 12, as will appear on trial. 


44. i Mat: N — = 
_ 4 
= . 3 
2 4 
* 


For in the * caſe, A is * 4 4+16, 0 62 
 & :  & _ + & 

and B is worth 5.12+4.0=9.12; but 19.4= twice 

4 4. Fa » @ £ 4. 

9.12, In the ſecond caſe, A is worth 3. 4+4. o= 


+ bo . 4. . — 0 — 
7.4. ou B is worth 5. 12416. O0 21. 12= three 
1 
times 7:4. 
160. PROBLEM 22. A certain company at a ta- 


vern, when they came to pay their reckoning, found 
that had there been four more in company they might 


have paid a ſhilling a piece leſs than they did; and 
that 


ſame as that of 8 to 12, but the difference ot the two 


159. PROBLEM 21. A jockey has two horſes 4 
and 5. 
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that if there had been three fewer in company, they 
muſt have ap a _ a piece more than they did. 
I demand the number of perſons, what each paid, and 
what was the reckoning. 

Here it may be obſerved, that there are but two 
unknown quantities independent of each other : for 
of the three mentioned, viz. the number of perſons, 
their quota, and the reckoning; if any two be known, 
the third may be inferred from them. Pat then x for 
the number of perſons; and becauſe their quota muſt 
be leſs than the whole reckoning, let us make the 
quota the other unknown quantity, and put for it y, 
that is, let y be the number of ſhillings actually paid 
by each, and xy will repreſent the whole reckoning. 

Then on the firſt ſuppoſition, that the number of 


perſons had been x+4, each muſt have paid 22 


which by the condition of the problem is one ſnilling 
lels than they actually paid, or is equal to y—1. 
Again, on the ſecond ſuppoſition, that the number of 


perſons had been x—3, each muſt have paid = 5 


which by the problem is one ſhilling more than they 
actually paid, or is =y+1 ; therefore the fundamen- 


a "ROMS 
tal equations ſtand thus +79 


and the ſecondary equations are 0Z4y—x—4 Eq.r. 
0=x—3y—3 Eq. 2. 

From equation firſt we have x=4y—4 Eq. 3. 
From equation ſccond x=3y+3 Eq. 4. 
Hence 4y—4=3y+3, and y=7 ſhillings and from 
equation 3 or 4, we have x=24 perſons, whence 
the reckoning is 168 ſhillings, Now had there been 
4 more, that is 28 perſons in all, they might have 
paid only 6 ſhillings a piece; but had there been 3 
fewer, 
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fewer, that is 21 perſons, they muſt have paid 8 ſhil - 
lings a piece, . 

161. By methods like theſe may problems, having 
three or more unknown quantities, be ſolved. But 
this (and indeed all the more abſtruſe parts of alge- 
bra) is of fo little uſe in the ſtudy of natural philo- 
ſophy, that we ſhall paſs it over. Beſides the ſolution 
= ſuch problems, often depends on ſome artful ſub- 
ſtitution, peculiar to that problem only (and perhaps 
found out by chance) and therefore of no uſe in other 
caſes. We ſhall give one inſtance as a ſpecimen of 
this ſort of ingenuity. 

162. PROBLEM 23. To find four numbers with 
the following 7 The ſum of the three firſt ĩs 
13. The ſum c two firſt and laſt is 17. The 
N laſt is 18, the ſum of the three 

21. 
Put a, 6, c, d for the four numbers reſpectively, 
and the fundamental equations will ſtand thus; 
a+b+c=13 
a+b+d=17 
a+ +d=18 
b+c +d=2 I, 

Subſtitute & for the ſum of all the four numbers; 
that is, put S for a+b+c-+4, and the fundamental 
equations will be transformed into the following ones. 

Fundamental equations S—d=13 

S—c=17 
$—b=18 


S— 4 21. | 
Add all theſe equations together, and we have 
45—a—b—c—d=69, that is 
4S5—a+b+c+4d=69, or 
| 4S—S=69, that is 3S=69, and S=23. 
For & put its value in the four transformed equa- 
_ mA ſhall have, firſt 23—a=21, and a=2; 
en 23—0=18, and b=5; again, 23g—c=17, and 
S6; laſtly 23-4=13, and d=10: ates: 2, 5» 
6, and 10, are the four numbers ſought. 
163. There 
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163. There is a caſe in ſimple equations, of which 
we have taken no notice. The deſcription of this 
caſe, and the rules for proceeding in it, makes a fifth 

oceſs to be now added to the other four formerly 
1d down, par. 63—66. 

PROCEss 5. If the whole equation can be divided 
by the unknown quantity, let ſuch a diviſion be made, 
and the equation will be reduced to a more ſimple 
one. Of this we ſhall give one example only. 

164. PROBLEM 24. What two numbers are thoſe, 
whereof the leſs is to the greater as 2 to 5, and the 
product of whoſe multiplication is ten times the ſum 
of the numbers? 

For the leſs put x, for the greater y; 


And 2:5::x:y, whence 2y=5x: Eq. 1. 
Again xY=10Xx+y=10x+10y. Eq.2. 
From the firſt equation we have y==: ſubſtitute 


this for y in the ſecond equation, and — = 10+ 


2 . hence xx 20 X ＋ 50x. Here divide 
the whole equation by x, the unknown quantity, and 
it will be reduced to 5x=20+50=70, and x=14 : 
whence 2:5 :: 14: 35=y, Now the ſum of 14 and 
35 is 49, and 14X35=490, or 10 times 49. 


OF QUADRATIC EQUATIONS. 


165. Equations containing only one unknown 
quantity, being firſt reduced as far as is poſſible by 
the fifth procels, are then claſſed according to the di- 
menſions of that unknown quantity, If the unknown 
quantity is found ſimply, or in the firſt power, it is 
called a ſimple equation. Of this ſort are all thoſe 
we have betore met with. The fundamental equa- 
tions of every problem, when reduced, finally give 
the value of x ſimply, in the firſt power. But if yy =o 
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due reduction, the ſquare of the unknown quantity, 
or xx, is found in the final equation, that equation is 
called a quadratic. If the cube xxx, is found, it is 
called a cubic equation, and ſo on. 

166. Quadratic equations are divided into two 
ſorts : Firſt, Pure quadratics, where the ſquare of the 
unknown quantity is found alone. Secondly, Adfected 

atics, where the ſquare of the unknown quantity 
is found with, or adfected with, its ſide or root. 


THE SOLUTION OF PURE QUADRATICS. 


167. All the former proceſſes are to be applied, but 
one more is to be added. 

PRoCEss 6. If in the final equation, the ſquare of 
the unknown quantity appears to be equal to ſome 
known quantity, extract the ſquare root of both ſides 
of the equation, and we ſhall have the ſimple value of 
the unknown quantity on one ſide, equal to the ſquare 
root of the known quantity on the other. 

Of the uſe of this rule we ſhall give two examples. 

168. PROBLEM 25. Given the product of the 
multiplication of two numbers 144, and the quotient 
of the greater divided by the leſs 29. To find the 
two numbers. 

Let the greater number be x, and the leſs y. Then 
we have equat. 1. xy=144, 


and equat. 2. 7=9- 
From the 2d __ we have equat. 3. x=gy. Sub- 


ſtitute for x in the firſt equation, its value found in 
the third equation, and we have gyy=144. Divide 
both ſides by g (the co-efficient ot yy) and we have 
»9y=16. Extract the ſquare root on both ſides, and 
we have y=4, and from the third ſtep x=9x 4=36, 


as is evident; for 36X4=144, and g. 


169. PROBLEM 26. What two numbers are thoſe, 
| the 
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the product of whoſe multiplication is 108, and whoſe 
ſum is twice their difference. 

Let the greater number be x, the leſs y, and the 
fundamental equations are xy=108. 
and x+y=2Xxx—y=2x—2y: from whence 

2y+y=2x—x, that is 2y=x. 

For x, 1n the firſt fundamental equation, ſubſtitute 

its value now found, and we have 2y=108, whence 


99=36, and y=6. From the third ſtep, x x 6= 


18. For 18X6=108, and 18 +6=24, alſo 18—6 
= 12, but 24 their ſum is twice 12 their difference. 


Saunderſon, art. 40. ſolves this problem by one let- 


ter only; but the ſolution by one letter only is far 
more intricate and difficult, than this by two letters, 
as will appear on comparing them. 


THE SOLUTION OF ADFECTED QUADRATIC 
EQUATIONS. 


Preparatory Obſervations. 


170. DEFINITION 1. A Binomial is a compound 
2 conſiſting of two members, connected by the 
ign + or —, thus a is a binomial, being the ſum 
of @ and 6; alſo a—b is a binomial, being the differ- 
ence of à and 6. X 
171, DEFINITION 2. A Trinomial is a compound 
22 conſiſting of three members, connected 
ſigns + or —, as a+b—c, or aa+24ab+bb. 

172. OBSERVATION 1. The ſquare of a bino- 
mial is a trinomial ; thus the ſquare of at is aa+ 
2ab+6b, and the ſquare of a—b is aa—24ab+6bb. 
And contrariwiſe, the ſquare root of either of theſe 
trinomials is a binomial, for the ſquare root of aa+ 
ng is +6, and the ſquare root of aa—24ab+6b 
is a—b. 

173. OBSERVATION 2. Of the three terms, that 
compoſe the ſquare of a binomial, the firſt term is 
affir- 
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affirmative and alſo a pure ſquare, being the ſquare of 
the leading quantity. The third term is allo affir- 
mative and a pure ſquare, being the ſquare of the 
other, or the following quantity. The middle term 
is double the product of the two quantities that com- 
poſe the binomial, and has for its ſign either + or —, 
according as the two members of the binomial were 
connected by the ſign + or —. 

174. OBSERVATION 3. Hence the third term 
is . the ſquare of half the co- efficient of the 
leading quantity in the ſecond term. Thus if the 
firſt term of the three be aa, and the ſecond either 
+246 or.— 245; then the co- efficient of à in 2 ab is 
26, half this co efficient is 5, and the ſquare of that 
half co- efficient is 535, which is the third term of the 
trinomial. | 

175. OBSERVATION 4. Therefore if the two firſt 
of the three terms, which conſtitute the ſquare of a 
binomial, be given, the third term (which is wanting) 
may be found by adding to them the ſquare of half 
the co-efficient of the leading quantity 1n the ſecond 
term. This, in ſolving quadratic equations, is called 
compleating the ſquare. 

176. OBSERVATION 5. The ſquare of the bino- 
mia] being thus 72 its root is the binomial 
itſelf, conſiſting of the ſquare root of the firſt term 
and the ſquare root of the laſt term, connected with 
the ſign + or —, according as the middle term is 
affirmative or negative. 


Method of reſolving adfefed quadratic Equations. 


177. All the former proceſſes and rules are to be 
obſerved till you come to the final equation, in which 
the unknown quantity (and its powers) are on one 
ſide of the equation, and known quantities only on 
the other; and then we have five additional proceſſes 


peculiar to the ſolution of adfected quadratic equa- 
tions. 


178, PRO- 
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178. PROCEss 1: Make the ſquare of the un- 
known quantity affirmative, if it be not already ſo. 
This is done by changing the ſign of every quantity 
on both ſides the equation. Alſo, make that ſquare 
the firſt or leading term in the equation, 

179. PROCEss 2. Divide the whole equation by 
the co-efficient of the leading term (or ſquare of the 
unknown quantity) that it may be a pure ſquare, if 
it be not ſo already. 

180. PRockss 3. Compleat the ſquare accord- 
ing to the directions in Obſervation 4. 

181. PROCEss 4. Extract the ſquare root on both 
ſides of the equation, according to Obſervation 5. 

182. PROCEss 5. Tranſpoſe the known parts of 


the ſquare root, to that ſide of the equation which is 
wholly known, 


Remarks on the fourth Proceſs. 


183. Every affirmative quantity has two ſquare 
roots, one affirmative and one negative. Thus —6 1s 
the ſquare root of 36, as well as +6; for —6x —6 
==36, as well as +6Xx +6. And in extracting the 
ſquare root of the known ſide of the equation, both 
the affirmative and negative roots muſt be taken into 
the account, and the ſquare root marked +; fo that 
every quadratic equation will have two anſwers. 

184. A negative quantity has no ſquare root, be- 
cauſe — into — gives +, as well as + into +: fo 
that when the known fide of the equation is a nega- 
tive quantity, both roots will be impoſſible, and the 
problem incapable of an anſwer. This will fully ap- 

in the following examples. 

185. PROBLEM 27. Divide the number 20 into 
two ſuch por. that the product of their multiplica- 

64. 


tion may 


For one part put x, for the other y, and the funda- 
mental equations are x-+y=20 


Xy=64. 


From 
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From the firſt of theſe we have x=20—y. For x 
in the ſecond fundamental equation, ſubſtitute its va- 
lue ſo found, and we have xy=209—yy=64. 

Make the ſquare affirmative and yy 205 64. 

Compleat the ſq, yy—209+ 100=—64+100=36. 

Extract the ſquare root; y 10 4. 6. 

Tranſpoſe the known part; y=+10+6=16 or 4. 

Hence from the third ſtep x=4 or 16. 

186. Here we may obſerve, that whether we ſup- 
poſe x to repreſent the greater quantity and y the leſs 
or contrariwiſe, ſtill the fundamental equations will be 
exactly the ſame. Therefore to be conſiſtent with 
truth, the ſolution of the problem ought not to deter- 
mine x to be the greater quantity rather than the leſs. 
And accordingly it finds two values of x, and of 
courſe two correſpondent values of y, according as 
you are pleaſed to ſuppoſe x to be the greater or leſs 
of the two numbers. 

187. Caſe 2, All things remaining as before, ſup- 
poſe the product of their multiplication to be 96, 
what are the numbers in that caſe? 

Following the ſteps of the foregoing ſolution, we 
ſhall find at laſt that y=10+2, ſo that the two roots 
of the equation are 12 and 8. 

188. Caſe 3. Again; I.et the product of their 
multiplication be 99. In this caſe the two roots will 
be 11 and q, ſo that they come nearer to an equality. 

189. Caſe 4. Let now the product of their multi- 
plication be 100. In this caſe y=10+0, ſo that the 

two roots become equal, each being 10. 

190. Caſe 5. Laſtly, let the product of their mul- 
tiplication be 104. | 

Here we ſhall come to the following ſtep, 
that yy—209+100=+100 —I04Z—4; 
but —4 has no ſquare root, therefore we can proceed 
no further, nor obtain any anſwer to this caſe of our 
problem. 

191. To explain this we muſt obſerve, that if we 
divide 20 into two parts, yo make the former part 1, 

and 
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and the latter 19, the product of their multiplication 
wil] be 19. Increaſe now the former part, and de- 
creaic the latter by unity, and their product will be 
35. ProceeGing in this manner, we ſhall find the 
products continually increaſe, till the two parts are 
equal, each being 10, and their product 100. After 
which the products will decreaſe in the ſame manner 
they before increaſed. Thus 11X9 is the ſame as 
9X11. So that the product will be the greateſt pof- 
fible when both parts are equal. When therefore it 
was propoſed that their product ſhould be 104, it was 
propoſed that their product ſhould be greater, than 
the greateſt poſſible, which is abſurd. In other words, 
the latter condition is fo propoſed as to be incon- 
ſiſtent with the former. For if the ſum of the two 
numbers, be no more than 20, the product of their 
multiplication can never riſe to more than 100. And 
this inconſiſtency is pointed out by the impoſſibility 
of extracting the root of a negative quantity. 

192. The algebraic rules would be incompatible 
with truth, if they brought out a poſſible anſwer to 
a problem manifeſtly impoſſible. Theſe rules, if 
ſtrictly followed, always bring out the form of an an- 
ſwer; but then in this caſe it will be the form only, 
and that form attended with ſuch circumſtances as 
always mark the repugnancy of the fundamental 
equations. 

193. Here it may be proper to remark the differ- 
ence between negative and impoſlible anſwers. 

A negative anſwer implies, that the problem is im- 

ible in the ſtrict literal ſenſe of adding or ſubtract- 
ing, but not in the more extenſive ſenſe of algebraic 
addition and ſubtraftion. And in this calc there is 
always another problem of the ſame kind, in which 
the negative anſwer ſhall become affirmative, and pol- 4 
fible in the ſtricteſt ſenſe. Such a problem will be 4 
found by changing the word add in the former pro- , 
blem into ſubtradl, and contrariwiſe, changing ſubira# . 
into add; of this we ſhall give an inſtance * 
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When impoſſible anſwers come out, then no ſuch 
change in the words of the problem can make it poſ- 
ſible. 5 
194. It is neceſſary here to introduce another cha- 
racter, put for the ſquare root of any quantity, to 
wit, J, thus V is the mark for the ſquare root of 
4, therefore 4 =, likewiſe // aa+24ab+bb=a+b. 
195. Some numbers have exact ſquare roots, others 
have not. Thus, 16 has an exact ſquare root, to 
wit 4. The number 25 alſo has for its ſquare root 5. 
But 20, which lies between them, muſt of courſe have 
a ſquare root greater than 4 and leſs than 5, that is 4, 
with ſome (decimal) fraction; but that fraction can- 
not be aſſigned or found exactly. The root therefore 
is ſignified by the forementioned character, thus 20. 
Such quantities are called Surds. 

196. In like manner, when quantities have no 
ſquare root at all, yet this character is retained to ſig- 
nify an imaginary ſquare root; thus  —4 is retain- 
ed to ſignify the imaginary ſquare root of — 4. For 
—4 has no real ſquare root. Here it will be aſked, 
of what uſe is it to have a character for that which 
has no exiſtence? An example will teach us the uſe. 

197. In the laſt problem we came to this conclu- 
ſion, that y—20y+100=+100—104=—4. Now 
although the ſquare root of —4 is an impoſſible quan- 
tity, yet we may retain the character for it, and ſo go 
on with our work. Extract the ſquare root of both 
ſides of this equation, and we have 

5—10= 4A whence 

y ORA, or io —4 and 10—=y/ —1, 
198. By retaining this character, we learn that both 
the values of y (not one only) are impoſſible, one of 
them being the ſum of the number 10, and an impoſ- 
ſible number, the other the difference of ten and that 
impoſſible number; therefore it may be uſeful to re- 


— this character, though it repreſents an impoſſi- 
ility. 


G 2 199. PRo- 
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199, PROBLEM 28. Given the ſum of two num- 
bers 20, and the ſum of their ſquares 272, to find the 
numbers. 

For one number put x, for the other y, and the 
fundamental equations are x+y=20 

xx+yy=272. 

From the former of theſe we have x=20—y, and 
xXx=400—409+yy. Subſtitute this for xx in the ſe- 
cond fundamental equation, and we have 

2 —409 +400=272 3 
whence 29y9y—409=272—400=—128, 

By proceſs 2. yy—209==—64. . 

By proceſs 3. y—209+100=100—64=36. 

By proceſs 4. y—10==+6. 

By proceſs 5. y=10+6=160r 4; therefore x=4 
or 16, as before: ſee par. 186. 

200. PROBLEM 29. A certain company had a 
reckoning of /. 45. to pay; upon which two of the 

LT the reſt to pay one 


ſhilling a piece more than they ſhould have done. 
What was the number of perſons ? 


Firſt we mult obſerve, that the reckoning reduced 
to ſhillings makes 144. Let the number of perſons 


at firſt be x, and their quota will be = But after 
two were gone away, their number was reduced to 
x—2, and then their quota will be =: now by the 
queſtion this is one ſhilling more than what they 
ſhould have paid, that is + == +1. This equa- 


tion, cleared of fractions, and the unknown quanti- 
ties brought to one ſide, gives xx—2x=288; 
whence by proceſs 3. xx—2x+1=288+1=28g. 
by procels 4. xX—I=>+17. 
by proceſs 5. xX=1+17=+18 or —16. 
201. That the number of perſons was 18, is evi- 
dent, for then they pay 8 ſhillings a piece; but 2 
ir 
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their number was reduced to 16, they muſt pay 9 
ſhillings a piece, or one ſhilling more than they ſhould 
have done. About the affirmative anſwer, there is 
no difficulty; but what are we to think of the nega- 
tive one? What is the meaning of —16 perſons ? 
That —16 will anſwer the algebraic conditions of the 

roblem is plain; for if —16 perſons pay —9 ſhil- 
— a piece, it will amount to +144 ſhillings, for 
—16X—-9=+144. Again, ſubtract +2 from —16, 
and the (algebraic) remainder is —18, and if —18 
perſons pay —8 ſhillings a piece, it will alſo amount 
to +144 ſhillings : moreover, ſubtract, as before, 
what they paid in the former caſe, from what they 
paid in the latter, that is, ſubtract —9 from —8, and 
the (algebraic) difference is +1, according to the 
conditions of the problem. Bur though theſe _ 
tive numbers anſwer the algebraic conditions, ſtill it 
will be aſked, what is the meaning of all this? The 
anſwer to this queſtion has been already given in par. 
193. According to what we there laid down, there is 
another problem of the like ſort anſwered at the ſame 
time with this. And in this problem, the perſons 
inſtead of paying money, mult receive money (for if 
money wo! be called affirmative money, then nega- 
tive money muſt ſtand for money received). Inſtead 
of two going out, we mult ſuppoſe two to come in, 
&c. A problem of this ſort may be propoſed in the 
— form. 

202. PROBLEM. A certain member of parlia- 
ment ordered his ſteward to diftribute /. 45. among 
the poor voters. When they were aſſembled together, 
and the ſteward ready to diſtribute the money, there 
comes in unexpectedly two more claimants; by which 
means, thoſe at firſt aſſembled received one ſhilling 
a piece leſs than they otherwiſe would have done. 
What was the number at firſt? 

Here the number of ſhillings to be diſtributed is 
144, anſwering to what we had before. Let the num- 
ber of perſons at firſt be x, and the quota which they 
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would have received will be — but when two more 
were come in, their number will be increaſed to x+ 2, 


and their quota will be 7 Now this is one ſhilling 


leſs than what they would have received, that is I) 
* 


=———1, This equation reduced as before gives 


— 


xXx+2x=288; 
whence by proceſs 3. xx+2x+1=288+1=289. 
by proceſs 4. x+1=+17. 
by proceſs 5. XZ=—1t1+17=+16 or —18. 
So the number of perſons was 16. What was the 
negative anſwer in the former problem, is the af- 
firmative anſwer in this; contrariwiſe, the negative 
anſwer here, is the affirmative one in the former pro- 
blem. We can hardly ſay with Saunderſon, that ne- 
gative roots have no place in this fort of problems. 
(Saunderſon's Algebra, art. 117.) We give an- 
other inſtance of the like ſort. 
203. PROBLEM 30. What number is that, which 
added to its iquare, makes 72? 
Put for the number x, and its ſquare will be xx, 
whence this equation xx+x=72 


I 1 
y procels 3. xx+ * me 4 


by proceſs 4. x+==+= 


by proceſs 5. Ke or —9, 
And either of theſe anſwers ſatisfy the conditions of 
the problem, not indeed literally, but algebraically: 
for 8 & 8264, to this add 8, and it makes 72. So 
again, —9X—9g=-+81, to this add (algebraically) 
—9, and 1t makes 72. But the algebraic addition of 
—9, is the ſame as the arithmetical ſubtraction of +9. 
If then we take the words of the problem literally, 
the negative anſwer has no place; but then there is 
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another problem, in which it does literally take place; 
viz. What number is that which being ſubtracted from 
its ſquare leaves 72? Or the problem might have been 

ropoſed in this way. What number is that, which 
bein incorporated with its ſquare, makes 72? and then 
it will have two anſwers: 8 is the number, if the in- 
corporation is to be made by addition; and ꝗ is the 
number, if the incorporation is to be made by ſubtraction. 

204. Lemma. In the ſeries of odd numbers (be- 
ginning with unity) as 1, 3, 5, 7, 9, &c. the ſum of 
any number of terms, u, will be un, or the ſquare of 
the number of terms given. | 

Examples. The ſum of four terme, to wit, 1, 3, 
5 and 7, is 4X4 or 16. The ſum of ſeven terms, or 
I, 3, 5, 7» 9, 11, 13, is 7X7 or 49. 

in 83 the 38 addition of the odd num- 
bers produces the ſeries of ſquare numbers. 

205. PROBLEM 31. A traveller A ſets out from a 
certain place and travels one mile the firſt day, three 
miles the ſecond day, five the third day, and fo on ac- 
cording to the ſeries of the odd numbers. Eight 
days after another, B, ſets out, and travels the ſame 
road at the rate of 36 miles every day. I demand 
how long and how far A muſt travel before ke is 
overtaken by B. 

Put x for the number of days A travels before he 
is overtaken by B. Then to find how far A travels 
in that time, I obſerve the number of miles he travels 
in x days, is the ſum of a ſeries of odd numbers, be- 
ginning with unity; the number of terms in that ſe- 
ries being x, or the number of days: but the ſum of 
x terms in xx by the lemma, therefore the miles tra- 
velled by A is xx. Again, B travels x—8 days, and 
conſequently at 36 miles a day, B will have travelled 
x—8X 36 or 36x—288; whence this fundamental 
equation xx 36& 288 
and xx— 36x=—288; 
by proceſs 3. xx—36x+324=324—2838=36 
by proceſs 4. x—18=+0 
by proceſs 5. x=18+6=12 or 24. 
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Here then are two affirmative anſwers, and either 
anſwer the fundamental equation. 
For when A has travelled 12 days, he will have 
gone 144 miles by the lemma. At the ſame time B 
will have travelled 4 days at the rate of 36 miles a 
day, therefore he will alſo have gone 144 miles. 
Again, when A has travelled 24 days, he will have 
gone 24X24 or 576 miles: at the ſame time B will 
have travelled 16 days at the rate of 36 miles a day; 
therefore he will alſo have gone 576 miles. 
206. The equation in this problem is derived from 
a condition more genera], than the words of it imply, 
namely, from the equality of the diſtance of the two 
travellers from the place from whence they ſet out, as 
was obſerved in a like cafe before; ſee prob. 16. 
When B firſt ſets out he is the ſwifter traveller, go- 
ing 36 miles in the firſt day of his journey; whereas 
this being the gth day with A he goes only 17 miles 
ia that day; and therefore B gaining ground upon 4 
_ overtakes him, the 12th day of A's journey, on which 
day A travels 23 miles; B therefore not only over- 
takes A, but allo paſſes him. But on the 19th day 4 
becomes the ſwifter traveller, going that day 37 miles, 
and increaſing his rate every day 2 miles, he muſt of 
neceſſity overtake B again. Hence ariſes the double 
anſwer, both of which ſatisfy the condition from which 
the equation was drawn, though the former only an- 
ſwers the letter of the problem, that B is to overtake 
A, and not A overtake B. 
207. It ſhould alſo be obſerved, that if one anſwer 
is poſſible, then both are poſſible, and that there can 
be no more than two anſwers. For if ever B A, 
then A muſt of neceſſity paſs B. For how ſwift ſoever 
be the rate of B's travelling, as the rate of A increaſes 
every day by two miles, it muſt ſome time or other, 
not only equal the rate of B, but ſurpaſs it more and 
more; the rate of B being always the lame. But when 
A has thus paſſed B, his rate being more than that of 
B and increaſing daily, A muſt of neceſſity leave RB 
mare 
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more and more behind, ſo that they will never more 
be together again, 

208. Caſe 2. All things as before, let ſet out 9g 
days after A, when will B overtake A in that cale ? 

Following the ſteps of the problem, as before, we 
ſhall find x=18+0, that is, the two values of x are 
equal, and the two anſwers, or places where they are 
together, coaleſce into one. In this caſe B itays fo 
long before he ſets out, that he cannot overtake till 
the end of the 18th day, after which A being the 
{wifter traveller, he will leave B more and more be- 
hind for ever. * „ 

209. Caſe 3. things as before, out 
. When will B overtake A in that 
caſe ? 


Following the ſame ſteps as before, we ſhall find 
x=18+V —36; but zs is an impoſſible quan- 
tity, and therefore both roots impoſſible. In this 
cale, B ſtays ſo long behind, that he cannot come u 
with A by the 18th day at night. Bur after the 18 
day, A travelling faſter than B, and increaſing his rate 
every day (while B continues at the ſame rate) it be- 
comes impoſſible for B to overtake A at all; much 
leſs to paſs by 4. And thus both anſwers will be 
impoſſible, which is pointed out, becauſe both roots 
are impoſſible. 


OF GENERAL PROBLEMS. 


210. Hitherto we have admitted both numbers and 
letters into problems. Of courſe the ſolution of ſuch 
is particular; ſuited only to the particular numbers 
ſtated or laid down in the conditions. But it is of 
the greateſt uſe to reaſon more generally, and to give 
a ſolution, from which a general Rule or T 
rem may be drawn, for ſolving all particular caſes of 
problems of the like kind. Such a general inveſti- 
gation of the unknown quantity, is called the Ax A- 
LYsIs, or Analytical inveſtigation of the a 
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The aſſuming the value of the unknown quantity (in 
known terms), ſuch as the problem finally determines 
that value to be; and ſhowing that the quantities fo 
aſſumed have the properties deſcribed in the problem, 
is called the SYNTHETICAL DEMONSTRATION. 
The tranſlation of the value of the unknown quantity 
(in known terms) out of the algebraic into common 
language, is deducing a THEOREM, or forming a CA- 
NON, for all caſes of the like kind, according to the 
form of words in which the tranſlation is made. If 
the equality between the unknown quantity and its 
value (in known terms) be ſimply declared; it is a 
Theorem. If the arithmetical operations for com- 
puring the value of the unknown quantity (as alge- 

aically expreſſed) be laid down in words at length, 
this 1s called a Canon or Rule for computing the va- 
lue of the quantity ſought in all queſtions of the like 
kind. Of all this we ſhall give one compleat exam- 
ple; though all problems muſt be for the future, not 
only analytically inveſtigated, but ſynthetically de- 
monſtrated. 

211, PROBLEM 32. What two numbers are thoſe 
whoſe ſum is 5 and difference d. 

Put x for the greater number and y for the leſs, 
and the two fundamental equations will be x+y=s 
and x—y=d. From the latter of theſe we have 
x=d+y. Subſtitute this for x in the former funda- 


mental equation, and we have 2y+d=s, and = 


Whence x=d+ === Ents, ſo the greater 


"0 2 
number x, is ir, and the leſs , is = 
212, Synthetical Demonſtration. 
, 7 © 
Again — 8 2d. 


2 
213. Hence THEOREM 1. The difference between 
any 
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any two numbers added to their ſum is equal to twice the 
kater. 

"Ta. THEOREM 2. The difference between any two 
numbers, ſubtracted from their ſum, is equal to twice the 
leſs. 
1 15. PROBLEM. It is required, having given the 
ſum and difference of any two numbers, to find the 
numbers themſelves, 

CANoN. Add the difference to the ſum and half the 
aggregate will be the greater number. Again, Subtract 
the difference from the ſum and half the remainder will be 
the leſs number. 

216. Example, Let their ſum be 19 and their dif- 
ference 10: What are their numbers? Here 5+d 


and 14>—45= 10 as required. 


217. Remark. We are at liberty to change the 
form of the general algebraic expreſſions, which de- 
termine x and y, provided we do not change their va- 
lue. Thus we may ſeparate the two members which 
compoſe the numerators of the fractional values of x 


and y, and they will ſtand in this form: x=Z +5 and 


gut. This will afford great variety of expreſ- 
ſion in drawing out a theorem or canon. It may now 
ſtand thus: To the ſemi-ſum of the two numbers, add their 
ſemi-difference, and it makes the greater; and from the 
Jemi-ſum ſubtract their ſemi · difference, and it leaves the 
leſs number. 

218. PROBLEM 33. Given the difference of two 
numbers 4, and the difference of their ſquares i; to 
find the numbers. 1 
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Let the greater number be x, and the leſs y, as be 
fore, and the fundamental equations are x—y=8d 

Xx—yy=b 

from the firſt equation x=d-+y, and xx=dd+24y + 

. Subſtitute this for xx in the ſecond equation, 

and we have dd+24y=6b, and this ſolved gives y= 


. Subſtitute this for y in the third ſtep, and 
we have x= A b—ad__24d b—dd_b+dd 


5 os A as © 
219, SYNTHESIS. 


. b+da\*__ bb+2bdd+d4* 
Again „ en 
4 da — bb—2b4d+4 


24 44d 

Subtract the latter from the former, and we have 
the difference of the ſquares of theſe quantities = 
4bdd__ 


b+dd b—dd 0-2 
8 4 and —— » We may put 24 24 


8 1 
and — and draw a canon from either expreſ- 


fion. 
220, Example. Let the difference of the two num- 


bers be 10, and the difference of their ſquares 120. 
Sce prob. 10. p 
120 


Here b=120, 2420; —=-—=6; -d=5; 6+5 


II; 6—5=1, 

221. PROBLEM 34. Let r and 5 be two given mul- 
tiplicators. Ir is required to divide a given number 
as a, into two ſuch parts, called x and y, that r times 
x added to s times y may make ſome other given 
number as 6. 


Here 
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Here the fundamental equations are x+y=4 and 
rx+99=b. From the former we have y=a—x, 
and iy -&; ſubſtitute this for 45 in the latter 
fundamental equation, and we have rx—5sx+45=b, 


5— 
and rx—sxX=b—as; whence x= 5 


md - 


222. When any quantity, as x, is found in every 
member on one ſide of the equation, it 1s a fign that 
the co-efficient of that quantity x is a compound 
quantity; and it conſiſts of the co-efficient of x in 
every member ſingly ; connected with their proper 
ſigns. The co- efficient of x in our caſe then is r—s; 
for xc rx x; therefore divide both ſides of 
the equation by r- (according to proceſs 4.) and we 


have a= 


es 


Having found x, we have be- 


ar—as b—as ar—b 


1 12— ors 

223. If r be taken greater than s, then is the deno- 
minator of the two fractional values of x and y affir- 
mative. And in this caſe ar is alſo greater than as. 
Now if & lie between ar and as, then are the two 
numerators of the fractions (to wit, þ—as and ar—5) 
alſo affirmative, and therefore both theſe fractional 
values of x and y are affirmative: but if 5 be leſs than 
as or greater than ar, then will x in the former caſe, 
or y in the latter, be negative. 

The like rule holds good if 5 be greater than r, and 
of courſe as greater than ar. For then the denomi- 
nator r—s is negative, and if þ lie between ar and as, 
the two numerators will be allo negative, and there- 
fore {by the rule for the ſign of the quotient in divi- 
ſion) the whole fraction giving the values of x and y 
will be affirmative 
224. Example 1. Let a=20, r=3, 5=5, b= 
£8 in problem 7. Then r—5=—2, 44 — 2 
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and .= 3. Again, y= 


60— 74 


225. Example 2. Let a=20, r=5, $=3, b=114. 
Then r—5=2, and as5=60. r 


28 2 
, ar—3 100—114 —1 
=27. Again ar = 100; _ 2 - === 


—7. So the two parts or numbers are +27 and —7, 
that is, the latter number is not to be added to, but 
ſubtracted from the former to make 20. Allo 3 times 
the latter is not to be added to, but ſubtrafted from 


5 times the former, to make 114. 


226. SYNTHESIS. 2.2 === 


— 1 — 3 17 


a: 
Fs ; R i 
b—as_br—ars ar—b_ars—bs 
— Won „and — — whence 
br—ars 4 3ri=bi_tbr—d s bxr—s_ z 
15 172 | fangs r.. 


227. PROBLEM 35. To divide a given number a, 
into two ſuch parts, that one may be to the 
other as 7 to 3. Or, as it is ſometimes expreſſed: To 
divide a given number in a given proportion. 

Let the two parts be x and y, and we have for the 
firſt fundamental equation x+y=4a. Moreover x : y 
::7:5, Which analogy gives tor the ſecond funda- 
mental equation 5x=ry. From the former of theſe 
we have y=a—x, whence by ſubſtitution x gar x, 


therefore rx x ar, and e Again y=a—x 


ar __arHas—a7_ 4s 
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concerned, it may be proper to turn theſe equations 
into analogies; thus, r+5:a::r:x and r+5:a:: 
5: y (ſee par. 129): that is, as the ſum of the two 
numbers r and s 1s to the whole number to be divided; 
ſo is r to x, the part analagous tor; and ſo is 3 to y, 
the part analagous to 5. 


8. SYNTHESIS od — 3 — 
val * robs *rbs | Fe 
ar 


as 
Again , : ode dab 
229. PROBLEM 36. To find a number x, which 
being ſeverally added to two given numbers a and 5, 
will make the former ſum to the latter, as r to 4. 
Analogy by the problem a+x: b+x::r7: 5. 
Fundamental equation br+rx=as+5x. 


Hence r- =45—br „ 
3 WE 4 
y par. 222. 9 
| as—br ar—br 
230. SYNTHESIS. — — 
as—br as—bs 
1— * 15 
ar—br —9— :: ar—br: as—bs:: rXa—Þb: N= 


1— 1— 
1 Example. See problem 12. Let a=36, and 
b$=52 : and firſt, let 1 be to s as 3 is to 4. Here 
45=144, br=156, as—br=—12, r—5=—1, and 
u, as was found before. Again; Let 7:4 
:: 2: 3, and as=108, br=104; a—br=+4, r—s 
= =I, and T4. as was found in the ſecond caſe. 
Laſtly, letr:5::2: 1, and as=36, br=104, and 
&5—br—=—68, r—5=+1,and == =—68, as before. 
232. When a br, then x is nothing; but when 
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as br, then a: b::7: 33 that is, if the propoſed 
numbers @ and þ are to each other, as r is to s, then 
nothing is required, either to be added to, or ſub- 
trated from, the propoſed numbers, to give them the 
deſired proportion; they have it already. 

Suppoſing r greater than , then the denominator 
17 is affirmative; and the numerator will be affir- 
mative or negative, as 4 is greater or leſs than br; 
and ſo will the value of the whole fraction. Contrari- 
wiſe if y be leſs than 6. 

The following example may ſhow the learner how 
to proceed in the ſolution of adfefted quadratic equa- 
tions, when they occur in general problems. 

233. PROBLEM 37, Given the ſum of two num- 
bers 3, and the ſum of their cubes Þ; to find the 
numbers, 

Let the numbers be x and y, and the fundamental 
equations are x =, and x*+y3=b. From the firſt 
fundamental equation we have y=s—x; whence 52 
$*— 355X+35xx—Xx*: to this add x, and we have the 
ſum of their cubes s—3g55x+35xx, which by the 

roblem S; whence —355xX+ 35x x=b—5*, which 
is plainly an adfected quadratic equation, therefore 
by proceſs 1. 35xxX—355xX=b—s& 


3 
— 
by proceſs 2. & e 


433 5— 1 5s 
ſs 3. X = — ＋—. 
by proceſs 3. XõX—5 * 75 5 


234. The ſquare being thus compleated; in this 
and all cther caſes of general problems, ſubſtitute for 
the known ſide of the equation (whatever it may be) 


RR nd the laſt ſtep will ſtand thus; 


, s5_b—S RR 
by proceſs 3. — Las 
by proceſs 4. x—i=+© 

 3+R 


by proceſs 5. * 235. We. 


'" 


GENERAL PROBLEMS. 113 
235. We muſt now find the value of R; or rather 
b—s5s 5s RR 
of RR. Now we had 7 e 
= this out of fractions. Multiplying by 4 we 
have 2 ＋ == RR. Unite the fractional and 


3s 
4b—4535 , 3555 45—5 
integral part, and we have = 1 os 7 


= RR, and then the anſwer will ſtand in this form. 
Make ** =BRR, and the two numbers will be *<* 


33 2 
See par. 186. 


236. Ex 


ample. Let the ſum of the numbers be 12, 
and the ſum of their cubes 468. Here g 12, b—= 468, 


— — 9. 1872— 
21872; 1728; 35=36. eee 


2 


34 9 
RR=1, and therefore R=1; and 


and com. BE — — 1 
2 2 
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A thus Ea 


Cube of i+R__ + S$:R+ 3RR+R* 
WE 8 ; 

Cube of S—R_S'—355R+35RR— R 
ER i 


8 
Their ſum 2 2 — RR 
4 


H For 
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For 3sRR, write its value, to wit, 4þ—s', and we 
have the ſum of their cubes EL. 


4 4 
Here we may obſerve, that if “ is greater than 4b, 
RR is negative, and the problem impoſſible, the two 
conditions being inconſiſtent. It is proper thus to 
ſettle the limits of every problem producing a qua- 
dratic equation. 
238. We ſhall now give a ſet of problems related to 
each other, and intended not only as examples of the 
f ing rules; but alſo as examples of the applica- 
tion of algebra to the ſolution of geometrical = 
— At preſent we can only enter upon the alge- 
0 
. be any two numbers, whereof x is the 
greater and y the lels. 
Let their ſum x+y be s 
the difference x—y = 4 
their product xy =p 


their quotient 2 = q; 


the ſum of their ſquares xx 

the difference of their ſquares xx—yy=6. 
Then any two of theſe ſix being given, the numbers 
may be found ; or any of the other quantities without 
finding the numbers themſelves. Thus, if s and 4 be 
given, and it is required to find the product of the 
multiplication of thoſe numbers (whoſe ſum is s and 


- 
difference 4) we ſhall find it to be ©* __ For by 


$—4__$5—dd 
8. 
239. PROBLEM 38. Given s and b, quære æ and y. 


++ = {by the queſtion. From the firſt ſtep we 


xx—Yyy= 


have x=5—y, and xx=55—25J-+yy, whence by the 
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ſecond ſtep 55—25y=b and =D, whence #=s 


$8+b  $5—=b__ 255 


240. SYNTHESIS. = 1 


4 

241. When 45 is leſs than 6, then y is negative, and 
the firſt fundamental equation is changed into x—y=s 
or more properly d; but the other fundamental equa- 
tion remains the ſame; for the ſign of yy is not al- 


tered by changing the ſign of y. The problem is 
＋ og x9... into this; x” al d 1 b, quære 
x and y. 


242. Example. Let = 10 and i 120; then 3 


REP" 2 4.5.— 100+120__ 220. 111 again —— 


100 


2s 20 20 
Sei. So the two numbers are 
11 and —1; that is, inſtead of the ſum we are to take 
the difference of 11 and 1, which gives 10; but we 
are ſtill to take the difference of their ſquares, which 
we ſhall find to be 120, as before prob. 10. 


243. PROBLEM 39. Given s and g, quzre x and y. 


X+y=s 

= by the queſtion. From the ſecond equa- 
7 

tion we have x=qy, therefore from the firſt equation 


5 Fes FER — 
2/100 s, _ 7x7 now x= == E, or x= 


. 2 
Prep and y 
H 2 244. SYN- 
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= =” . i 
244. SYNTHESIS, 7 "Tx Ta. 


<= f, — i= 
q+1 2 q+1 s 

239 

te Xq=q- 


245. PROBLEM 40. Given p and g, quere xand y. 


GRE 
=q by the queſtion. From the fecond equation 
Ew whence, and from the firſt equation, gp. 


whence yy= =F, and y= 


2. Now becauſe x=gy, 
therefore xx=qgyy, For yy, put its value before 


found, and NN fr therefore x=v/Þq; 
246. SYNTHESIS. xx =D, and „= therefore 


r r therefore W Again 5 
divided by e - —P1 7 — „whence -= 
v1 * 1 * 99 W e 5 4 · 


247. bl 41. Given s and p, quære x and y. 


"=p 05 che queſtion. From the firſt equation 
we have y=:—x}; ſubſtitute this for y in the ſecond 
equation, and we have xX5—xp, therefore x 
=p, which is an adfeCted "—— uation ; there- 


fore by proceſs 2d. — y proceſs 1 


"RF RR 
xx * = : ag : 4 Ach. x 4 
ETD» and * , an . See problem 25. 


Now we had I Multiply both ſides by 


4, and 


| 
| 
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4, and 5 4 RR; therefore make 55—4 pp equal 


to RR, and x and y are . 


248. It appears from this ſolution, that if 4p be 
greater than ss, the ＋ 1 is impoſſible: on the 
contrary, in all poſſible caſes (that is, where x andy 
are any real numbers) ss is greater than 4p, or 7 


greater than p, or = greater than Vp. or — greater 


than xy. Or the grithmetical mean (as it is called) 
ter than the rical mean. 

249. It will be convenient now to introduce a new 

character, to wit >, which ſtands for greater than, 


thus -> vp, means, half of s is greater than, the 


ſquare root of 2 
250. Becauſe 4p RR, therefore 55> RR, and 


4% R; conſequently == is affirmative, That is, 
both x and y are always affirmative. 


251, SYNTHESIS. . e, 


2 

$+R $—R 55—RR 

PP =X——= = 
ee e Nl 

Otherwiſe for RR ſubſtitute its value, which is 

p, and SER, =P 


4 4 

252. PROBLEM 42. Given d and p, quere x and y. 
* Selby the queſtion. From the firſt equation 
we have x=y+4, and from the ſecond yy+dy=p, 


therefore by proceſs 3d. D+4+F=p+ = 


x—y=d 


By proceſs 4th. 57 = 


n 3 
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Taking =, we ſhall have e. 
Taking .=, we ſhall have c. 

253. In this latter caſe both x and y are negative; 
that y is ſo, needs no proof; that x is ſo will appear, 


becauſe R is greater than d. For, becauſe 77 45 


5 therefore 4p+dd=RR: therefore RR>4d, and 


R>d. As x and y are always either both affirmative 
or both negative, x—y will always repreſent their dif- 
ference (x—y, when both are negative, changing to 
—x++y); and the ſolution of this problem cannot be 
made to include that of the former. Nor can the 
former problem be made to include this; for x and y 
there, are always affirmative, 

254. Hence this problem is always poſſible, what- 
ever numbers be aſſumed for the difference and pro- 
duct of the unknown numbers, becauſe RR will al- 
ways be affirmative, even though d be negative. 
RT R—d 24 


255, SYNTHESIS. W d. 
A N. = 
2 2 2 
Again . For RR put its 


value, and we have == =>. 


4 
Alſo = x wool gives = as before. 


256, PROBLEM 43. Given @ and p, quzre x and y. 


e by the queſtion. From the firſt equa- 


tion y= 2 and y=EZ therefore by the ſecond equa- 
tion 
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tion * L Ta, and x*+pp=axx, whence x*—axx 


Now this is a biquadratic equation, but in the form 
of a quadratic equation, and may be ſolved in like 
manner. Thus we may conſider the unknown ſide of 
the equation as two terms out of three that make the 
ſquare of a binomial. Therefore compleating the 


ſquare, we have ere By 


4 
proceſs 4th, XX—== *. By proceſs 5th. xx= 
<7 If we ſuppoſe x = 


3 then y= _ becauſe the funda- 


mental equations are the ſame, whether we ſuppoſe 
x the greater or the leſs of the two numbers (ſee par. 


==, therefore 24 - 42 Pp 


257. SYNTHESIS. Becauſe a and yy= 


— therefore =. 2 


2 2 * 
Again, xx N = <= ä — EEE = 


4 
2 e gg but if xxyy=pp, ex- 


4 
tract the ſquare root on both ſides, and we have 
x y = p. 

258. Hence the problem is impoſſible when 4pp is 
greater than a, or 2 4, or P>=a. Moreover, as 


RR is always affirmative (in all poſſible caſes) and 
equal to a4—472p; therefore aa RR, and a>R. 
H 4 Con- 
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Conſequently — 


fore yy affirmative; that is, when x is poſſible, y is 
poſſible alſo: and both x and y muſt be affirmative. 
259. PROBLEM 44. Given à and s, quære x and y. 
ele the queſtion. From the firſt equa- 
tion y=5—x, and yy=s5—25x+xx, From the ſe- 
cond equation Xx+55—25x+Xx<=a, that is, 2 & 
—25xXx+55=a, and 2x x- 2 4-3: whence by 


is always affirmative, and there- 


— 


proceſs 2d. xx—5x= — By proceſs 3d. xx—5x 


$5 a—s5s 5s RR s 

_— = om oo = =, BY proces 4th. 4&2 
= T_ 7 2 4 2 
+R q R 


— — 
ny ., 


260. Here if 2 Tf y will == and con- 


2 b 
trariwiſe, as has been before obſerved. 
| a—ss, „ RR 24 — 256 433 
Becauſe s 8 therefore ** 


— 2 —_— = = or 24a—s55= RR. Therefore 


the problem becomes impoſſible, when 4 is greater 
than 23. In all poſſible caſes therefore 55 <29. Let 
us now enquire, whether y may not be negative, or 
R. Nowit5>K, then 55> RR, or 55> 24—55 
or 255>24, Or 55> 4. We ſee then in the firſt place, 
that 5s muſt be lefs than 2@, to make the problem 
poſſible; but, ſecondly, 4 may allo be leſs than a, and 


then y or — : will be negative, while x or con- 
tinues affirmative: that is, the firſt fundamental equa- 
tion becomes x—y=-s, or rather d. But the ſecond 
fundamental equation, or xx a, continues as 
before (for the 1quare of —y is +yy). The problem 
then is now changed into this: Given the GO 
0 


| - 
d 
18 
n 
e 
Ff 
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of two numbers and the ſum of their ſquares, to find 
the number, Or rather the problem ſhould be pro- 

ſed more generally ſo as to include both, thus : 
What two numbers are thoſe, which incorporated toge- 
ther make , and the ſum of whole ſquares is a? See 
Par. 203. | ; 

261. Example. Let the two numbers when incor- 
porated make 20, and let the ſum of their ſquares be 
250. Here then 5=20, $5=400; alſo a=250 and 
2a=500, Here 5s is leſs than 24 (for 400 < 500, 
theretore the problem is poſſible. Again 55 4 (for 
400 > 250), therefore 20 will be the arithmetical ſum 
of the two numbers, not their difference. Now 


24—$5Z500—400=100=RR, and Rg 10, and — 
20 N＋＋ — 1 s5—R 20— . FR... JO 
ET OD Db SR Wm Hes. 


262. Again; Let the two numbers when inco 
rated make 10, and the ſum of their ſquares, as be- 
fore, be 250. Then 5=10, 5$5=100, a = 230, 24= 
500. Here again, becauſe 55 < 24 (for 100 < 500), 
the problem is poſſible; but becauſe ss is alſo leſs than 
a, or 100 < 250, therefore y will be negative. For 
24—35, or 500—100=400=KR, and R=20, and 
1 Ky —R_ — —— > 
2 2 2 2 2 2 
=—5: therefore x=15 and y is —5. That is, 5 
taken from (not added to) 15 makes 10, and the ſquare 
of 5 added to the ſquare of 15 make 250. 


263, If e:, then is Ro, and the two num- 
bers x and y are each equal to 175 If 55=8, then is 


24—55, or RR=255—$5=5ss, and R=s, and 22 
$+$5__ 2s 


== that is, x=s, and of courſe y=o, and 


Xx-+yy is Z55+0, 


264. SYN» 
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R FR 


25 
264. SYNTHESIS. —— — 


5 


2 4 R 
2 — RRR The ſum of theſe two is 


2 | 1 
do RR write 
its value; and this ſum is — — — OY 


2 

263. The following problems ſuppoſe the reader 
acquainted with the firit fix books of the Elements of 
Euclid. They are intended to give the learner ſome 
idea how algebra may be applied to the ſolution of 
geometrical problems, and to ſhow the nature and uſe 
of trĩcal conſtructions; without entering for- 
mally into ſo difficult and extenſive a ſubject, as what 
Is uſually underſtood by the application of algebra and 
geometry to each other. 

266. PROBLEM 45. In the right angled triangle 
ABC (fig. 1.) given the perpendicular AC V, and 
the Joy of the hypothenuſe and baſe, or CB+BA=s, 
to find the triangle; that 1s, to find the hypothenuſe 
and baſe oh, vere 

Call the hypothenuſe x, and the baſe y, and from 
the terms of the queſtion x=, and from the na- 
ture of the figure (47. I. El.) xx—yy=5. The two 
ſundatnental equations then are the ſame as in pro- 


blem 38. Therefore by that problem = and 


267. GEOMETRICAL CONSTRUCTION. Let AC 
be the given perpendicular. Through the extremity 
A, draw AS at right angles to it (11. I. El.) and 
equal to 5 the propoſed ſum, Join CS, and biſect it 

in 
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in E (10. I. El.) through E draw EB perpendicular 
to CS (11. I. EL) cutting AS in B. Join CB, and 
ABC will be the triangle required. 

Demonſtration. For the right angled triangles CEB, 
SEB, having CE=SE, and BE common, are equal 
(4. I. El.) and BC will be equal to BS. Theretore 
AB+BC=AB+BS= AS=s. 


268. This conſtruction affords the very ſame cal- | 


culation that the algebraic proceſs does. For the 
triangles ASC and ESB, having each a right angle, 
and the angle at & common, will alſo have the remain- 


ing angle equal, (Cor. to 32. I. El.); therefore being 


ſimilar we have (by 4. VI. El.) F 
SA:SC::SE (or = $C) | SB 
: SC :: - | IF 


but NH TAN i; 
therefore 5B or CB=27*, me before. 


2s 

One great uſe of ical conſtructions, is to 
draw out a rule for calculating the unknown quanti- 
ries from the known ones; alſo to determine their 
limits, &c, as we may fee in this and the ſubſequent 
problems. 

269. It is ſometimes of uſe to reduce the queſtion 
to a problem in trigonometry, The trigonometrical 
tables, ready calculated, are thus made ſubſervient to 
the finding 
Great uſe is made of thoſe tables, and the tables of 
logarithms in more difficult problems. 

270. TRIGONOMETRICAL CALCULATION. In 
— - angled triangle CAS, we have the ſides AC 
and AS given, whence by trigonometry we get the an- 
gle ASC}; conſequently BC \ which is bed twice 
ASC (5 and 32. I. El.), whence we have ACB. | 

Therefore in the right angled triangle, having one 
ſide and all the angles given, the other two ſides may 
be found by the trigonometrical tables. 


271, We took notice in problem 38, that when ss 


the unknown quantity arithmetically. 
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is leſs than þ, then y is negative. Correſponding to 
this in the geometrical conſtruction, when AS=AC 
(fig. 2.) the point B falls upon A. For the triangle 
CAS, being in that caſe iſoſceles, the line EB, which 
biſects the baſe perpendicularly, paſſes through the 
vertex (12. I. El.). If AS be taken ſtill leſs, the point 
B will tall on the other ſide of A, that & does, and AB 
will be negative (fig. 3.). AS, which before (in fig. 1.) 
was the ſum of BA 2 BS, will now (in fig. 3. 5 be 
their difference; and we ſhall find a right angled tri- 
angle, having the ſame given perpendicular AC as 
betore, but having the difference of the hypothenuſe 
and baſe, or CB CA, equal to the given line AS, 
or 3. 

272. PROBLEM 46. To divide a given line AB 
(fig. 4.) into two parts AE and EB, fo that the rect- 
angle under the parts AE and EB may be equal to 
a given ſquare FG]. 

Call the given line AB=s, the given ſquare FGHI 
=, conſequently its fide Vp. Call the parts AE 
and EB, x and y: then by the terms of the queſtion 
x+y=s, allo xy=p; ** the algebraic ſolution is 
the ſame as that o problem 41. 

273. GEOMETRICAL CONSTRUCTION, On the 
given line AB, as a diameter, deſcribe a ſemicircle ; 
on the ſame line produced take F G, equal to the fide 
of the propoſed ſquare, and on it conſtruct a ſquare 
FGHI, equal to the propoſed ſquare (46. I. El.): pro- 
duce the ide HI (o 3 ſite to 0) till it meets = 
ſemicircle in D _ then if perpendiculars DE 
and de be let fall from the ints 5 andd (12.1. El.) 
either of them will divide the line AB in the manner 


required. For AEXEB=DE" or Ae xeB g (35. 
III. El.). 

Let C be the center of the ſemicircle, and ſince 
DE gde by conſtruction, we have CE=Ce, whence 
AE gez _ EB=Ae; and the two anſwers are alike, 
as was obſerved problem 27. par. 186. 


274. From 
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274. From this conſtruction, we get the following 
method of calculation. Draw the radius CD==, and 


(by 47. I. El.) - BENE; that is, 7 5 or 


, or (by ſubſticution) Pck. and ck. 
2 = alſo CB CE 
2 


that is, make 55—4p=RR, and 


whence AC+CE or AE 


or Bt Bott 
ww 9 one 


the two parts AE and EB as in problem 41. 
275. If the fide of the ſquare FO g EA is equal to 
the radius of the ſemicircle, that is, if s. the line 


IHD will touch the circle only; the two points D and 
d will coaleſce into one; the line CE vaniſh, and the 
two parts AE and EB become equal to each other, 
and to half the whole line AB, If the fide of the 
ſquare be taken ſtill greater, the line H will fall 
wholly without the circle, and the problem become 
impoſſible. | 

276. The points AEB never change their order ; 
therefore the algebraic ſigns of the two parts AE and 
EB will never be changed, from whatever point we 
date the origin of theſe two lines AE and EB; whe- 
ther from A, one extremity of the given line AB, or 


from the point E, which ſeparates the two parts AE 


and EB, 
277. TRIGONOMETRICAL CALCULATION. In 
the right angled triangle CED we have the hypothe- 


nuſe ci, and the perpendicular DES, whence 


the angle DCE, and its coſine CE to radius CD, and 

of conſequence the parts AE and EB. 

278. Schalium. This problem is the ſame as 
. pro- 
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problem 41. viz. Given the rectangle under two 
uantities; for inſtance, two lines and their ſum, to 
nd thoſe lines. It might be expected that this pro- 
blem, like the laſt, ſhould include alſo another pro- 
blem, viz. « Given the rectangle under two lines and 
their difference, to find thoſe lines,” but it does not; 
for the algebraic ſigns of the lines AE and EB are 
always the ſame ; therefore the other problem muſt 
have a ſeparate ſolution as follows. 
279. PROBLEM 47. Given the difference between 
the (adjacent) fides of a right angled parallelogram 
Sd, and its area equal to that of a ſquare, whoſe ſide 


is Vp; to find the ſides ſeparately. 

Call the two ſides x and y, and by the terms of the 
ueſtion x—y=4, and xy=p, whence the algebraic 
lution is the ſame as that of problem 42. 

280. To CONSTRUCT this problem geometrically, 

let AB (fig. 5.) be the propoſed difference. Erect 


BS perpendicular to it (11. I. El.), and equal to Vp. 
the ſide of the propoſed ſquare. On AB, as a dia- 
meter, deſcribe a circle, and through its center C 
draw SEF, cutting the circle in E and*F, and SE and 
SF will be the two ſides of the parallelogram. 

For SF— SE = FE = AB= the propoſed difference; 


and becauſe SB is a tangent to the circle in B (16. 


111. EL}, therefore SEXSF=SB . (36. III. El.) 

281. ALGEBRAIC CALCULATION. Becauſe CBS 
is a right angled triangle, therefore BS +BC CN, 
, Or . therefore == 


CS, and CS+CF, or F 1 and CS CE, 


or SE=E—2 or =, as in problem 42. 

The line SF being drawn through the center of the 
circle, will always cut it in two points; therefore the 
problem will be always poſſible, and the points SECF 

always 
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always lie in the ſame order; therefore the lines SF 
and SE have the ſame algebraic ſign, their common 
origin being at S. 

282. PROBLEM 48. In a right angled triangle, 
given the hypothenuſe AB (fig. 6.) Vs, and the 
area, equal to half the ſquare, whoſe fide is Vp: to 
find the triangle. | 

Call the perpendicular and baſe x and y, and (by 
47. I. El.) xx+yy=8: moreover xy is double the 
area of the triangle (41. I. El.) therefore xy=p; 
whence the algebraic ſolution will be the ſame as that 
of problem 43. ; 

283. Sometimes the conditions of a problem are fo 
independent one of another, that each may be con- 
ſtru ly. One condition (as we have ſaid) 
does not confine the problem to a fingle anſwer when 
there are two unknown quantities. In conſtructing 
one condition then, we are not to find one particular 
line of a determinate length; but all thoſe lines which 
are of ſuch a length as will anſwer that one condition. 
If the extremities of all theſe lines are joined ; they 
will form either a curve or a right line, which is call- 
ed the locus of that condition. If in like manner the 
locus of the other condition be drawn, it is manifeſt, 
the interſeftion of theſe two loci, will determine the 
problem. For the point of interſection being com- 
mon to both loci will ſatisfy both conditions. All 
this will be underſtood by the following conſtruction 
of the problem before us. 

284. The firſt condition is, that the triangle is right 
angled, having AB for its hypothenuſe; therefore 
upon AB, as a diameter, (fig. 6.) deſcribe a ſemicir- 
cle, AdDB: now, as all angles in a ſemicircle are 
right angles (31. III. El.), this ſemicircle will be the 
locus of the vertexes of all the right angled triangles 
that can be deſcribed on the given hypothenuſe AB. 
In other words, the vertex of every right angled tri- 
angle (on that fide of the diameter AB) having AB 

tor 
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for its hy pothenuſe, will be in the arch AdDB. The 
other condition 1s, that the area of this triangle is 


equal to half the ſquare whoſe ſide is W/p. To con- 
ſtruct this condition, on AB, as a deſcribe a 
right angled parallelogram ABHI equal to the pro- 
poſed ſquare 1 I. El.) or double | the area of the 
triangle; produce the fide H, and it will be the lo- 
cus of the vertexes of all thoſe triangles, whoſe baſe 
is AB, and which have the propoſed area (37. I. El.); 
therefore the two interſections of the right line HI 
and the ſemicircle Ad DB, will either of them doter- 
mine the verrex of the triangle ſought. 

285. The problem becomes impoſſible when AH is 


n than the radius of the ſemicircle, or AH greater 
than -AB, or when AHXx AB>; ABXAB, or when 


I 
P> on 


286. TRIGONOMETRICAL CALCULATION. Draw 
the radius CD, and let fall the perpendicular DE BI, 


and ACXCB : ACXDE :: CD: DE; but ACxXCB= 
AC, and Ac DEAN DE= the area of the tri- 


angle; therefore we 1 this analogy. As the ſquare 
of halt the hy pothenuſe is to the area of the triangle, 


(or as the iquare of the whole hypothenuſe, is to four 


times the area of the triangle) fo 1s CD, the radius, to 
DE, the line of the . DCE, which is double the 
angle DAC (20. III. El.) The h ypothenuſe AB of 
the right angled triangle ADB *. given, and one 
of the acute angles DAB bein "g found as before, the 
legs AD and DB will be found by the common rules 
ot Trigonometry. 

287. PROBLEM 49. In a right angle: triangle 
(hg. 7.) given the hypothenuſe AB=Va, and the 
ſum of the other two ſides =s; to find the triangle. 

Call the other two ſides x and y, and by the condi- 
tion of the problem x= and (by 47. I. El.) 


xX + 


N * D 
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xx +y=a, whence the algebraic ſolution will be the 
ſame as that of problem 44. 

288. This problem may alſo be conſtructed by 
means of loci, thus: On the hypothenuſe 4B, as a 
diameter, deſcribe a ſemicircle Ad DB, and it will be 
the locus of the vertexes of all the right angled tri- 
angles that can be deſcribed on the given hypothenuſe, 
as before. Again; From the center C, on AB pro- 
duced, ſet off CH and CI both ways each equal to 
half s; then on the axis H, and with the foci A and 
B, deſcribe a ſemi-ellipſe, and it will be the locus of 
the vertexes of all thoſe triangles, that have the ſum 
of their ſides AD and DB=HT or s. For from the 
nature of the ellipſe, if two lines AD and BD, be 
drawn from the two foci A and B to any point D in 
the ellipſe, their ſum will be equal to the axis HI. 

289. Bur it is a rule, that no problem ſhould be con- 
ſtructed by means of the conic ſections, that can be 
conſtructed by means of the circle and right lines 
only : becauſe the deſcription of the circle is ſimpler 
than that of the conic ſections; the properties of the 
Circle and right lined figures are better known, and 
their relations eaſier diſcerned than thoſe of the conic 
ſections. Hence conſtructions, in which the circle 
and right lines only are concerned, are beſt fitted to 
determine the limits of a problem, furniſh a method 
of calculation, and other purpoſes of a conſtruction. 
In the preſent caſe, it is eaſy to ſee the problem be- 
comes impoſſible when the ellipſe paſſes wholly over 
the circle. But it is not eaſy to ſee what will be the 
proportion of Hl, the axis of the ellipſe, to AB, the 
diameter of the circle when that happens. Nor does 
there appear, from this conſtruction, any method of 
calculating the value of AD and BD, the ſides fought, 
without further principles than what are contained in 
Euclid's Elements. 

We may conſtruct the problem, by a circle, and 
right line, in manner following. 

290. In the right * TAK (fig. 8.) with the cen- 

rer 
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ter A and radius AB, equal to the given hypothenuſe, 
deſcribe the arch of a circle BD4F. On AB and 
AF, take AT and AK equal to s, the ſum of the ſides 
given. Join KT by a line interſecting the arch of the 
circle in D and d; draw the radii AD and Ad, let fall 
the perpendiculars DE and De, from the points D 
and d on the baſe AI (12. I. El.), and either of the 
triangles ADE or Ade will anſwer the conditions re- 
quired. For (by 29. I. El.) the angle EDI= AKF= 
ETD (by 5. I. El.); therefore (by 6. I. El.) DE is al- 
ways equal to EI, therefore AE+ED, or the ſum of 
the ſides equal AE+EI=AIT=s, Moreover, AD= 
AB the propoſed hypothenuſe (Definition 15. I. El.) 
therefore the right angled triangle AED will have its 
hypothenuſe D Vs, and the ſum of its ſides AE 
+ ED==s. 

291. The line XI may be conſidered as the locus 
of the vertexes of all thoſe right angled triangles, the 
ſam of whoſe legs is AZ, and whoſe Choke is in he line 
Al, the circle BD4F is manifeſtly the locus of the 
vertexes of all thoſe right angled triangles, whoſe hy- 
pothenuſe is AD, the radius of the circle; therefore 
the interſection of the right line and circle will deter- 
mine the triangle fought. 

292. Hence this TRIGONOMETRICAL method of 
CALCULATION. In the triangle ADJ there is given 
the ſide A, the fide MDV, and the angle AID 
=45 degrees, whence the angle DAF and the ſide DI 
* be found, and thence DE and AE. 

293. Let IK (fig. 9.) touch the circle in 7, then 
ATT 1s a right _ 18, III. El.), therefore 774 
TAI (32. I. El.) and AT=TT (6. I. El.), therefore 


IAT TTT (47. I. El.) =2AT, that is, 442 
24; therefore if 5 be ſtill greater, that i is, $5> 24, the 
line IX will fall wholly without the circle, and the 
problem becomes impoſlible. 
294. In the two foregoing problems, 47 and 4 bn 
appeared, that x being affirmative, y could never be 
come 
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come negative (ſee alſo prob. 42 and 43), but the 
ry lady de ths cad bn thf1; decent s may be 
leſs than R; ſee problem 44. And the ict 
conſtruction anſwers to all that was obſerved of the 
algebraic proceſs in problem 44; as ſhall now be 


295. In the geometrical conſtruction AI was taken 
excl © che fie of the a ght angled tri- 
angle; let now A diminiſh ſo as to be equal to AB 
=D the h uſe (fig. 8.), that is, y = V, 
and the points E and I, coinciding in B, alſo the points 
K4, coinciding in F (fig. 10.) the triangles ADE and 
Ade both vaniſh; the problem in that particular caſe 
becoming im ible (50. I. EL). If the line A ſtill 
diminiſhes, fe that AI become leſs than AB or 5< 
va, then hs point I will fall on the contrary fide of 
the point E, arid the line EI becomes negative (fig. 11.) 
and AT inſtead of the ſum, will now > the dif- 
ference of AE and EI; becauſe DE= EI, and de=eT 
(as before) either of the right angled les ADE 
or Ade, will have the difference of their legs equal 
to = " line A, and AD=AB the propoſed hy- 

uſe 
296. We may here remark, that in all theſe changes, 
the line KJ ever moves parallel to itſelf, or rather to 
the line BF. 

297. If we purſue theſe changes further, and ſup- 
4 the difference of the legs ſtill to decreaſe, and at 

| to vaniſh, we ſhall have in the algebraic part d, 
(which was 5 now =o. RR 2a, and x and 7 both 


equal to == = = 26 In the geometrical 


———— (fig. 12. * the lines AI and AK vaniſhing, 
the points K and 7 coincide in 4. Nevertheleſs, if 
we continue the parallel motion of the line K7 till ic 

through A, it determines the triangles AED 
and Ade, and we ſhall have the legs AE and ED 


12 equal 
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equal to each other and to the ſquare root of > AD, 


« 
2 


298. If we ſtill continue this parallel motion of the 
line XI, we ſhall again have (fig. 13.) AI equal the 
difference of AE and EI: but now lying the con- 

way, it ſhows that their difference (or the quan- 
tity 4E - EI) is now negative, AE, which before 
was the greater leg of the triangle, being now become 
the leſs. In the algebraic proceſs, the equation x—y 
S, now becomes x—y=—d, RR=24—4d, as before. 
R—4d _R+d 
NES and e the ; 

299. This will be the caſe till the points X and D 
coinciding, the triangles ADE and Ade, do again 
vaniſh. {tly, the parallel motion of the line K 7 
being yet further continued, the points A, E, I will 
lie in the ſame order as at firſt, but on contrary ſides of 
the center (fig. 14.) and AI will again be the ſum of AE 
and EI as at firſt; the lines AE and ET being negative, 
the algebraic equation will now be -x -= , and 
xx+yy=a, Here 5s is negative, but the quantity &@ 
is never negative; and correſponding to this, the 
length of the radius AD, being always computed 
from A the center, never becomes negative. 

300. We have thought it uſeful to purſue theſe 
changes through every poſſible caſe; to ſhow how 
ſtrict the analogy is between algebraic equations and 
geometrical conſtructions. 


The ADDITION referred to, in par. 67. 


Fram par. 39, it appears, that if any fraction is to 
be multiplied by its denominator; this may be done 
by taking away the denominator, and conſidering the 
numerator as integral. An example will make = 
plain. 


1 re 


t 
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plain. Let the fraction be 7 . Here, following the 
rule for multiplication in par. 39, the product will be 
=; but the fraction _ is the ſame as the number 12 
integral, by par. 6. Therefore the product of the 
multiplication of the fraction 4 by its denominator 


5, is the numerator 12 conſidered as integral. It is 
evident the ſame will be true of any other fraction. 
For the denominator divided by itſelf is always _ 
and a fraction whoſe denominator is unity, is 
lame with the numerator integral. 

Otherwiſe, Every fraction may be conſidered as 
the quotient of the numerator divided by the deno- 
minator; ſee par. 18. But it is a known rule in di- 
viſion, that if the quotient be multiplied by the divi- 
for, it produces the dividend: therefore if the quotient 
of the numerator divided by the denominator, or the 
intire fraction, be multiplied by the diviſor or de- 
nominator, the product of that multiplication will 
be the dividend, or numerator conſidered as integrah 
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; AN 
INTRODUCTION 


TO 
EUCLIDsELEMENTS, 


1. INH E buſineſs of ſcience is from a few general 
principles to draw a great number of particu- 
lar concluſions ; therefore the propoſitions in which 
thoſe principles are delivered, muſt contain very ge- 
neral ideas. As general ideas are not the objects of 
ſenſe, but are formed by that operation of the mind 
we call abſtrafion (Lock, B. I. C. XI. S. g.) no won- 
der the firſt principles of all ſcience ſhould with diffi- 
culty be u ood by beginners. 

2. There are thoſe who adviſe beginners in Geo- 
metry, not to be over ſollicitous about underſtanding 
the definitions perfectly, alledging that the meaning 
of the terms will be learned by the uſe of them in the 
propoſitions. And it is undoubtely true, that we 
really get moſt of our abſtract ideas, not by formal 
definitions, but by obſerving the uſe and force of 
words in common language; by obſerving to what a 
number of objects, each differing in ſome particulars 
(though always agreeing in ſome others) the ſame - 
word 1s applied. 

3. It may be uſeful here, to ſhow more particularly 
what theſe abſtract ideas are, and how we come 
them, as laid down by Mr. Lock, and apply his doc- 
trine to the definitions of Euclid, 


4. Mr, 
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4. Mr. Lock divides the ideas in our minds into 
Simple and Complex. Simple ideas being uncom- 
pounded, are originally received either by the ſenſes, 
or from reflecting on what in our own minds; 
and in acquiring theſe the mind is wholly paſſive: it 
cannot create one new ſimple idea. There 1s no idea, 
the origin of which cannot be traced up to one of 
thoſe ſources; no idea but what is got originally either 
from ſenſation or reflection. But the mind once 
ſtored with a number of ſimple ideas, can exert ſeve- 
ral wonderful acts of its own upon them; ſo that out 
of theſe, as the materials, many other ideas are formed. 
The mind can combine ſeveral ſimple ideas together, 
into one compound; forming what is called a complex 
idea, When a name is given to an idea thus com- 
pounded of ſuch and ſuch ſpecific parts, it does as it were 
tie thoſe ſeveral parts together; ſo that when we hear 
that name pronounced, the intire compound (conſiſt. 
ing of thoſe ſpecific parts and no other) does at once 
preſent irſelf to the mind. The mind alſo has a power 
of diſcerning or diſcriminating ideas, whether they be 
ſimple or complex ideas; it can diſcern in what par- 
ticulars two ſuch ideas agree, and in what they diſ- 
agree. The mind alſo can compare two ideas with re- 
ſpect to extent, degree, time, place, and a number of 
other circumſtances, From this compariſon of ideas 
with ane another, ariſes what is called, Relation. 
Among other relations, that which in mathematics is 
called Proportion, and which ariſes from comparing 
quantities together in reſpe& of their Magnitude only. 

5. But the moſt important power of the mind over 
its compound ideas, is that artificial feparation of 
them called ABSTRACTION. When we become ac- 
quainted with a variety of objects really exiſting, the 
ideas of which are all complex, we begin to remark, 
that the component parts of theſe complex ideas are 
often, in a great meaſure, the ſame, though in part 
different. e alſo find that we have occaſion to 


conſider thoſe ideas and to ſpeak of them, only or 
| 0 
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forth as they agree; neglecting that part in which t 

differ. We — Jon ve CIs os the — — 
of ſuch of thoſe ideas that are common to all theſe 
complex ideas, which name, as it were, ties thoſe par- 
ticular ideas together; and ſuch an aſſemblage is called 
an abſtraF, or general idea, Now here it is evident, 


that ſuch an abſtract idea, is a mere creature of the 


mind, formed by its own power over its own ideas, 
and that an abſtract idea, has no architype, or real 
exiſtence without, that correſponds to it; for out of a 
variety of complex ideas, each having a real architype 
without, we ſelect parts, and therefore leave out parts; 
which parts ſo left out, are neceſſary to make a 
complex idea, correſponding to the architype or real 
exiſtence without. 

6. Thus the idea of every triangle really exiſting, 
and whoſe form we ſee delineated on paper, is different. 
One triangle has all its angles acute. Another is 
what is called a right angled triangle: another is an 
obtuſe angled triangle. All acute angled triangles 
are not alike; but differ both with reſpect to their 
an__ and to the length of their ſides. Every indi- 
vidual triangle actually exiſting has its own particular 
circumſtances, both reſpecting its angles and its ſides; 
and the complex idea of that particular triangle, is 
made up of the aſſemblage of all the particular ideas, 
excited by every one of theſe particular circumſtances. 
All theſe circumſtances occur particularly and ſpe- 
cially in every triangle we fee; and though we may 
give a name to an aſſemblage of two or three only of 
theſe particular ideas; yer ſuch a partial aſſemb 
has no architype without to correſpond to it, Thus, 
in contemplating a variety of triangles drawn on pa- 
Pers we may obſerve, that though their ſides differ in 
length, and though their angles differ in acuteneſs, yet 
the three angles of every one of theſe triangles are each 
of them leſs than a right angle, or each of the three 
angles is acute. Obſerving that all theſe figures do 

thus agree in this one circumſtane, we abſtract 2 
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thoſe circumſtances in which they differ (and the ideas 
they excite) and retain only the idea excited by this 
circumſtance in which they agree, and thus form in 
our minds the abſtract idea of an acute angled triangle. 

7. In thus contemplating a variety of triangles of 
different forms, if we go further, and abſtract from 
all conſideration both of the magnitude of their ſides 
and of their angles; if we abſtract from the ideas which 
theſe particular circumſtances excite, and attend only to 
this ſingle circumſtance in every one of theſe figures 
(and the idea it excites) namely, that every one of 
theſe figures has three angles (neither more nor leſs 
in number) we then get the abſtract or general idea 
ſignified by the word triangle. 

8. Yet this abſtract idea has no architype really 
exiſting. No one can draw the figure of a triangle 
general, a triangle which is neither acute-angled, right- 
angled, nor obtuſe-· angled, and whoſe ſides are of no 
particular length. The general idea is a creature of 
the mind, and exiſts no where elſe. 

In theſe general ideas, the tircumſtances retained 
(or rather the ideas they raiſe) are to be found in every 
individual. Whatever therefore is proved in conſe- 
quence of theſe general ideas, muſt be true of every 
individual. Thus, if we form the general idea of a 
right lined ñ̃gure, having three angles, and ſhow (in 
conſequence of it thus having three angles in num 
ber) that the ſum of thoſe three angles is exactly equal 
to two right angles; then this conſequence (proved 
of a triangle in general) is applicable to every parti- 
cular triangle, whether acute, right-angled, or obtuſe, 
or whatever be the dimenſions of its ſides. It would 
be endleſs to make a proof of this, for every triangle 
of every fort and ſize that exiſts, or can exiſt; but by 
thus forming general ideas, and reaſoning upon them, 
knowledge is extended to a vaſt number of particular 
ſubjects; and this makes what is called SCIENCE. 

10. When we would convey to another an abſtract 


idca with which he is unacquainted ; the beſt way (if 
u we 
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we can do it) 1s to trace out the progreſs of our own 
mind in forming it. We mult begin with thoſe par- 
ticular complex ideas, which have real architypes, 
point out the component parts of theſe complex ideas; 
ſhow which of them the mind rejects, and which ir 
retains in forming the abſtract idea, Thus to explain 
the very abſtract idea, annexed to the word point, we 
muſt begin with the notion of a ſolid body; which 
idea our ſenſes will ſuggeſt in great variety of ways. 
We ſoon perceive that every ſolid body has length, 
breadth, and thickneſs. Now, if we exclude the idea 
of thickneſs, and retain thoſe of length and breadth, 
we ſhall get the abſtract idea of a ſurface; that is, the 
abſtract or mathematical idea; for a mathematical 
ſurface exiſts in idea only. All paper how thin ſo- 
ever, has yet ſome thickneſs, or it would be nothing. 
If from the original idea of a ſolid figure, conſiſtin 
of length, breadth and thickneſs, we exclude bot 
breadch and thickneſs, and retain the idea of length, 
we get the idea of a mathematical line. 

11, By further abſtraction, leaving out length, we 
get the very abſtract idea of a point; though I confeſs 
the operation of the mind, in this caſe, is ſo very ſub- 
tile, that it can hardly be diſtinctly and clearly traced 
out. All abſtract ideas are meer creatures of the 
mind; they have no architypes without that ſtrike the 
ſenſes; they are objects of the underſtanding, not of 
the ſenſes; therefore they are difficult to be conceived; 
much more ſo very abſtracted an idea as that of a 

int. Well may learners, unaccuſtomed to mathe- 
matical and abſtract ideas, wonder what THAT is 
which has ns parts and no magnitude, and which indeed 
has no real exiſtence any where bur in the imagination 
only. | 

12. As abſtract ideas have no real exiſtences that 
anſwer to them, ſo Euclid's propoſitions are ideal only; 
they only ſhow the agreement or diſagreement of ab- 
ſtrat ideas. Whether there exiſts in nature ſuch a 
thing as a right line, may be doubred. The fineſt 

line 
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line drawn on paper, if viewed th a microſeo 
would a N of conſiderable breadth. 
But this is nothing to the pu for the agreement 
contended for, 2 7 raft ideas, not real ex- 
iſtences. As far as an actually exiſtent right line, 
drawn on paper, agrees with the mathematical defini- 
tion, ſo far Euclid's demonſtrations reſpect real ex- 
iſtences, and no further. 

13. In tracing out the agreement of ideas, ſome are 
of ſuch a ſort, that their agreement is immediately 
perceived by jux1a-poſition only; their agreement is 

rceived intuitively, and is confeſſed by all. Affirm- 
ing ſuch an agreement is lay ing down an AxIoM. The 
reement of remote ideas is ſhown by the agreement 
of a train of intermediate ideas, each agreeing with 
that next to it; ſuch a train of ideas are called middle 
terms. When the agreement of the extreme ideas is 
thus inferred from the continual agreement of the 
intermediate ideas, this is called a DEMONSTRA- 
TION. 

14. The agreement of ſome ideas muſt be original 
and intuitive. Demonſtration muſt be fou on 
axioms z nevertheleſs, the agreement of remote ideas 
once demonſtrated, is ever after to be taken for 
granted, and uſed in future demonſtrations as well as 
axioms. 

15. The fewer the firſt principles are, from which 
the whole ſyſtem of geometry is derived, the more 
ſcientific is that ſyſtem: for this reaſon Euclid proves 
ſome truths (from his own firſt principles) which are 
undoubtedly of themſelves ſelf evident. Nay, their 
own evidence carries a more forcible conviction of 
their truth than the demonſtration itſelf. Thus the 
fourth propoſition of the firſt book of the Elements, is 
thought by many to be more evident without the de- 
monſtration than with it. So alſo the thirtieth of the 
firſt book, ſeems not to want a demonſtration; yet a 
very clear demonſtration is given by Euclid. 
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ON THE DEFINITIONS, 


16. In a definition, all thoſe ideas are enumerated 
which conſticute the abſtract idea of the figure. Thus 
a triangle, is a right-lined figure having three angles 
(uſing the word figure in Euchd's ſenſe, definition 14). 
Now this circumſtance does neceſſarily imply many 
others; for inſtance, that the ſum of the three angles, 
makes two right angles: this property is included in, 
and is virtually affirmed in the definition, and thus all 
the propoſitions in Euclid, are virtually included and 
contained in the definitions and axioms. 

17. We ſaid, that a definition was an enumeration 
of ah the icular ideas, that conſtitute the whole 
complex idea, It follows from hence, that a ſimple 
idea cannot be defined. Another word may be uſed; 
he who does not know what the word red means, may 
underſtand the word rouge, but this is not laying down 
a definition. So the attempt to define a firaight line 
(ſee Euclid, Def. 4.) is abſurd. It is full as difficult 
to underſtand what is meant by a © line's lying evenly be- 
tween its extreme points,” as by its being fliraight. The 
ſame may be ſaid of Euclid's definition of a plane®. 

18. Dr. Simſon has ſubſtituted another definition 
of a plane more intelligible, bur not natural; it being 
(as himſelf fays) a property of a plane ſupecficies; nor 
the idea of a plane ſuperficies, nor what helps us to ir. 
It mult be oblerved, that in laying down this property, 
when mention is made of two points (ſee Simſon's note 
on Def. 7.) it muſt be two points whereſoever taken, 
Thus in a cylindric ſuperficies; two points may be 
taken in many pats of that curved ſuperficies, and yer 

the line that joins them both be ſtraight, and alſo 
wholly in that ſuperficies; but two points may alſo 
be ſo taken, that this property will not hold true. 

19. The idea ſignified by the word angle is alſo a 
ſimple idea. The inclination of two lines to each 


other 


A right line is only another name (derived from the latin 
for a fraight line. f a hy a 
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other (or the opening of two lines, as ſome call it) is 
only a periphraſis for an angle. A rectilineal angle 
may be diſtinguiſhed from a curvilineal angle, but 
the idea of the acuteneſs or obtuſeneſs of the angle 
itſelf, is a ſimple idea. The idea of a term (Def. 13.) 
is alſo a ſimple idea. Definition 19, occurs in defi- 
nition 6, book the third, and is not wanted here. 

20. We may therefore leave out definitions 4, 7, 8, 
9, 13, 19. We may indeed retain definition , not as a 
definition, but as a periphraſis for the word angle. 
The technical word angle may be new to thoſe who 
have not read geometry, and the idea muſt be con- 
veyed by a circumlocution of words in common uſe; 
bur this is no more a definition, than the explaining 
the word rouge by red, or by roſe-coloured, is a defini- 
tion of rouge. | 

20. We may remark on definition 10th, that it is 
the ideal equality of the two adjacent angles, which 
conſtitutes the ideal right angle, or, as practical me- 
chanicians call it, a ſquare angle: not the look of it 
in the printed figure; nor the meaſuring it by the ap- 
plication of a joiner's ſquare. This ideal equality 
of the adjacent angles is ſometimes ſuppoſed, and is 
ſometimes to be demonſtrated, 

22. We may remark on definition 31ſt, that ſuch a 
figure is alſo called a RECTANGLE. See Prop. 1. El. 2. 

23. The definition of parallel lines (Def. 35.) is 
not very eaſy to be underſtood. Nor is the 12th 
axiom ſelf- evident: this is a ſubje& of ſome difficulty, 
and has much exerciſed all the commentators. Dr. 
Simſon's judicious tranſlation of the Greek (avoiding 
the hackneyed and much abuſed term, infinitely pro- 
duced) frees the reader from the difficulty and abſur- 
dity of ſuppoſing, that a right line can be actually 
produced in infinitum, as it is called. 

24. Mr. T. Simpſon, in the firſt edition of his uſe- 
ful book of Geometry, lavs down this definition of 
parallel lines: Two right lines are ſaid to be lel 
« or equidiſtant, when perpendiculars to one of them, 

cc any 
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| any where taken, and terminated by the other, are 
| « equal, the one to the other.” Yet in his ſecond 
| edition he returns to Euclid's definition, 


. ON THE POSTULATES AND AXIOMS. 

25. The Poſtulates are not to be ſo underſtood, as 
if Euclid required a practical dexterity in managing 
L a ruler and pencil. They are here ſet down, that his 
readers may admit the poſſibility of what he may here- 
) after require to be done. To ſhow that what he thus 
- requires contains no abſurdity; no repugnant ideas. 
Wo Euclid in the courſe of a demonſtration requires you 
> to produce a terminated ſtraight line. Was this as 
- impoſſible in idea, as it is to take a greater number 


out of a leſs, the whole demonſtration muſt fail: for 
8 the ſteps of a demonſtration, like the links of a chain, 
n hang by one another. Euclid therefore in this place 
= enumerates all the operations required in his future 
t demonſtrations and problems; requiring their poſſibi- 
- lity to be here acknowledged, and thus precludes all 
y future objections on this head. 
3 26. What an axiom and what a demonſtration is, 

we have before explained, par, 13. An axiom is a 


a ſelf-evident truth; it requires no demonſtration: it 
L may require to be explained, to be made intelligible; 
13 but as ſoon as underſtood, it ſhould be what all im- 
h mediately aſſent to. The 12th axiom, as we have 
', ſaid, is not properly an axiom (ſee Dr. Simſon's 
r. notes on it); but inſtead of it, you may ſubſtitute the 
g following ſimple propoſition. 

8 27. Axio. Two ſtraight lines in a 
r- point, are not both parallel to a third line. 

y Thus in fig. 24, the lines AG and 1G meeting in G, 


are not both parallel to a third line CD. | 

In par. 42, this axiom is applied to the demonſtra- 
tion of the 29th Prop. of I. El. 
28. In a geometrical propoſition, either ſomething 
is propoſed to be done, or ſome truth is to be demon- 
| R ſtrated. 


LA — = 
8 1 2 
2 Ku Ka = 
** - — — — 
— — — 


—— — 
— xz - — _— 
— — — — 
hs * _ 


— — 


— = 
* 


. — 
> LCC” 


all 
* 


5 
4 
. 
1 


146 


INTRODUCTION 


ſtrated. In the firſt caſe, the propoſition is called 2 


PROBLEM, in the latter, it is called a THEOREM. 
What was ſaid of the poltulates is applicable to the 
problems. They are to ſhow the poſſibility of doing 
tomething, required to be done in the courſe of a de- 
monſtration; to ſhow that what is required, is not 
abſurd and naturally 22 In the poſtulates, 
the poſſibility of doing the thing, ſhould be ſelf. evi- 
dent; in the problems, the poſſibility of doing the 
thing is proved, by laying down every ſtep that is 
neceſſary tor the actual doing of it; each of which 
muſt be poſſible, and the whole ſuch as will effect the 
thing to be done. 

29. The word Prepzſition, in its general accepta- 
tion, is reſtrained to what Euclid calls a Theerem, in 
which the agreement between certain abſtract ideas is 
affirmed. In every ſuch propoſition, there is what the 
logic ians call the Subject and the Predicate. So Prop. 
37, viz. Triangles on the ſame baſe and between the ſame 


Farallels, is the ſubject of this propoſition; and it is 


predicated of fuch rs oe that they are equal. A con- 
verſe propoſition, is when the ſubject of the former propo- 
ſition becomes the predicate of the latter; and the pre- 
dicate the ſubject. So in prop. 39, which is the con- 
verſe of prop. 37, Equal triangles on the ſame baſe (Eu- 
clid adds, on the ſame fide)” is the ſubject, and it is pre- 
dicated of ſuch, that they are between the ſame parallels. 
So prop. 27, Two firaight lines having another fall- 
ing on them, and making the alternate angles equal,” is the 
ſubject, and it is predicated of thoſe two lines, “that 
they are parallel.” In prop. 29, Tuo parallel lines” 
is the ſubject, and it is predicated of them, that if 
another falls upon them, the alternate angles will be equal.” 
Therefore theſe are converſe propoſitions, 

30. Converſe and contrary propoſitions are by no 
means to be confounded, as is commonly done ; the 
contrary propoſition, is when what is affirmed in the 
former propoſition, is denied in the latter; but the 
tubject and predicate in each is the ſame, Thus the 


CON- 
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contrary of prop. 37, is this: triangles on the ſame 
baſe and between the ſame parallels, are not equal to 
one another. The ſubject is ſtill, *« Triangles on the 
ſame baſe and between the ſame parallels;” but now 
ic is predicated of ſuch, that they are not equal, or that 
they are unequal. 

31. Converſe propoſitions are not neceſſarily true, 
but require a demonſtration; and Euclid always de- 
monſtrates ſuch as he has occaſion for. An inſtance 
or two will ſhow this. If two right lined figures are 
ſo exactly of a ſize and form (both reſpecting their 
ſides and angles) that being laid one on the other, their 
boundary lines do exactly coincide and agree; then 
no one doubts but that theſe figures are equal. Axiom 
VIII. Now try the converſe. If two right lined 
figures are equal, then if chey be laid the one on the 
other, their boundary lines will exactly coincide and 
agree. Who is there that does not ſee, that this pro- 
poſition (the converſe of the former) is by no means 
true. May not a triangle and a ſquare be equal 
figures; that is, have equal areas? And can a right 
lined figure, having only three ſides, laid upon an- 
other having four tides, agree with it every where in 
the boundary lines? Again, if two triangles have 
their ſides reſpectively equal, their angles will alſo 
be reſpectively equal by the 8th. 1. El. par. 39. But if 
two triangles have their angles reſpectively equal, it 
does not follow that their ſides will be retpectively 
equal; this may or may not be true, as it happens; 
as will be ſhown hereafter. Converſe propoſitions 
therefore need a proof, notwithſtanding this has been 
termed ſuperfluous and impertinent by ſome who call 
themſelves mathemaricians “. 

32. We will here remark the difference between a 
definition and a propoſition. A definition, as we ſaid, is 
an enumeration of all thoſe ideas, which being united 
form a complex idea, to which we give a certain 
name. A definition then cannot be talſe; for it is 


giving 


® See preface to Eme/on's Geometry, page VI. 
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iving a name to a collection of ideas: and if we give 
it that name; that is the name of it with us; that is the 
name we call it by; when we pronounce the name, 
we join that particular complex idea to that found, 
A definition may be abſurd or improper ; we may 
chuſe to give a name of our own to a complex idea, 
which all the world has agreed to call by another 
name; and perhaps all the world has agreed to fix a 
very different idea to our name, than what we affix 
to it; and thus we ſhall indeed be like the builders of 


Babel: much confuſion will follow, and often does, 


but here is no agreement of ideas, affirmed or denied, 
and therefore nothing falſe. A definition may alſo be 
obſcure in many ways, but it cannot be falſe. Euclid 
therefore does not DEMONSTRATE his DEFINI- 
T1ONsS; this would be abſurd. He does not DEMON- 
STRATE his AXIOMs and POSTULATES; they need 
no demonſtration ; they are ſelf- evident. He DEMON- 
STRATES only his PROPOSITION?, whether they be 
PROBLEMS Or THEOREMS. 


REMARKS on PROPOSITIONS ix 
BOOK Tus FIRST. 


33- PROP. 2. and 3. Theſe problems may ſeem 
to ſome very trifling. For who is there, who knows 
what a ruler and compaſſes are, but can ſet off from 4 


given point, a ſtraight line of a given length? But Eu- 


clid's deſign is not to teach the practical delineation 


of figures; but to derive the poſſibility of this in idea, 


from the poſtulates and axioms before laid down, as 
has been already obſerved. Whether we are able 
with the compaſſes to draw a circle that is truly and 
exactly round, is nothing to the purpoſe; in the ideal 
circle all the radii are exactly equal, the definition 
conſtitutes them equal; it ſuppoſes and declares they 
are ſo; therefore they are equal, and the circle is 

truly 
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truly round in idea, whether or no it be round in the 
figure delineated on paper. 

34. PRoP. 4. It is worth while to remark with 
what caution and accuracy all Euclid's propoſitions 
are worded. A careleſs writer might ſay, If two 
triangles have two ſides, and an angle equal, then 
their third ſide will alſo be equal. But Euclid 
cautions you not only that the ſides muſt be equal, 
each to each; but alſo that the angle ſpoken of muſt 
be that which is included between the reſpectively equal 
ſides. We will ſhow that two triangles may have (as 
was faid) two ſides reſpeCtively equal, and alſo one 
angle, yet neither their third fide nor the figures them- 
ſelves be equal, 

35. Let ABC (fig. 1.) be an iſoſceles triangle, 4 
the vertex, BC the baſe. Produce the baſe to D, and 


join AD: then we ſhall have two triangles formed, 


viz. ABD and ACD, having two ſides and an angle 
reſpectively equal; that is, the fide AB in the trian- 
gle ABD, equal to the fide AC in the triangle ACD, 
alſo the fide AD common to both triangles. The 
angle ADC is alſo common to both triangles; yet the 
third fide BD in the former triangle, is not equal to 
the third fide CD in the latter triangle: for CD, by 
the conſtruction, is only a part of BD. Nor are the 
figures ABD and ACD equal; for the former con- 
tains the latter, | 

36. PROP. 5, The angles on the other ſide of the 
bale, are often called, the angles under the baſe, 

CoR. to PRoP. 5. Let ABC (fig. 2.) be an equi- 
lateral triangle; then becauſe 4B and AC are equal, 
the triangle may alſo be conſidered as an iſoſceles tri- 
angle, and the other ſide BC as the bale: therefore by 
this propoſition, the angles at the bale ABC and ACB 
are equal. Again; becaule the ſides BA and BC are 
equal, it may be conſidered as an iſoſceles triangle 
whole baſe is AC; therefore by this propoſition, the 
angles at the baſe BAC and ACB are equal: therefore 
becauſe ABC and BAC are both equal to ACB, 
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they are alſo equal to each other, and thus all the 
three angles are equal, that is, the triangle is equi. 
angular. | 

37. PRop. 6. In the demonſtration, after the 
words the angle D BC is equal to the angle ACB, add 
by the ſuppoſition. | TR 

The demonſtration here given, is that kind of ar- 
gument the legicians call Redutio ad abſurdum, viz. 
proving the ſuppoſition of the contrary to what is 
affirmed in the propoſition, to be abſurd and impoſſi- 
ble. 

The corollary to this propoſition, is demonſtrated in 
the ſame manner as the corollary to propoſition the 5;th. 

This propoſition is the converſe of propoſition 
the 5th. | 

38. PRoP. 7. The difficulty both in this and the 
former propoſition lies in this; that we are to ſup- 
poſe an impoſſibility poſſible ; and to delineate a figure 
to ſuit an impoſſible caſe. We cannot delineate an 
impoſſibility, we are therefore to draw a poſſible fi- 
gure, and ſuppoſe it to be what it is not. Thus we 
are to ſuppole (in fig. 3.) not only the lines CA and 
DA to be equal, but aiſo CB and DB to be equal. 
The figu:e may indeed be fo drawn, that one pair of 
thoſe lines, for inſtance CA and DA, may be actually 
equal, but not that the other pair alſo, viz. CB and 
DB, ſhall be equal, unleſs the points C and D coin- 
cide, and the two triangles ACB and ADB become 
One. 

39. Cok. to PRoP. 8. Hence if two triangles have 
all their ſides reſpectively equal, the triangles will be 
equal, and will have all their angles reſpectively equal: 
in other words, triangles equilateral to one another 
are alſo equal, and equiangular to one another. ; 

For the angle BAC is <qual to the angle EDF by 
this propoſition; and the two ſides AB and AC are 
equal to the two ſides DE and DF, each to each, by 

ard: I's Iv 3 
® Where no figure is mentioned, we refer to the figure in D:. 
Simſon's Euclid. Ace FIT RE 
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the ſuppoſition ; therefore the two — 1 are equal, 
and the remaining angles to which equal ſides are op- 
poſite, are equal by 4. I. El. | 

The converſe of this corollary, viz. triangles equi- 
angular to one another, are alſo equilateral to one an- 
other; is not true, as was before noted, par. 31. 

40. Cok. to PROP. 11. This corollary is not in 
Euclid, It is the foundation of the 11th axiom, and 
it is virtually ſuppoſed in the demonſtration of prop. 
4. I. El. where it is affirmed, that if A coincide with 
D, and AB with DE, the point B muſt coincide with 
E; which is not neceſſarily true, if two ſtraight lines 
may have a common ſegment. 

41. A. PROP. 14. This is the converſe of prop.1 2. 

Prop. 18 and 19, alſo 24 and 25 are converſe pro- 
poſitions, 

41. B. PROP. 26. We may remark in this propoſition 
the ſame caution we before obſerved in par. 34. The 
two ſides (one in each triangle) which are thus ſuppoſ- 
ed equal, muſt either lie between the angles in each 
triangle reſpectively equal, or be oppoſite to an equal 
angle in each triangle; otherwiſe the two triangles 
will not be equal“. 

42. PROP. 29. This is the converſe of propoſi- 
tions 27 and 28. It is for the ſake of demonſtrating 
this propoſition, that Euclid aſſumes that axiom (the 
12th) ſo much complained of by all learners: indeed 
it is ſo far from being ſelf evident, that it has given 
the commentators much trouble to demonſtrate it. 


If the axiom in par. 27. be admitted, the former 


part of this propoſition may be thus demonſtrated; 
fee fig. 24. | 


For if AG H be not equal to GHD, one of them 


muſt 
As an inſtance of this, in the right angled triangle BAC (ſee 
the figure to prop. 8. VI. El.) let a ndicular 4D be drawn 
from the right angle at 4. to the baſe BC; and it will divide the 
whole triangle into two others ADB and ADC, having two an- 
gles equal each to each, viz. AD B=4DC and ABD=CAD, 
(as is there ſhown) alſo the fide AD is common to both triangles : 
yet theſe two triangles are not neceſſarily equal, becauſe the fide 
AD neither lies between, nor is oppoſite to equal angles. 
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muſt be greater than the other; let AGH be the 
greater. At the point & make the angle 1G H equal 
to the angle GD, by 23. I. El.: then 1G is parallel to 
CD, by 27. I. El. But, by the ſuppoſition, AG is allo 
parallel to CD; therefore AG and 1G meeting in one 
int G, are both parallel to CD, which is impoſſible 
y the axiom: therefore the angle AG HN is not un- 
equal to G HD, that is, it is equal to it. 

The latter part of the demonſtration may proceed 
as in Simſon, beginning at the words, but the angle 
AGH, &c. 

Corollaries to prop. 32. to come before that given 

by Dr. Simſon. 
43. CoR, 1. The difference between the external 
angle, and either of the two internal and oppoſite an- 
gles, is equal to the other internal and oppoſite angle. 
44. Cok. 2. If two angles of one triangle, are 
equal to two angles of another triangle, either ſingly 
each to each, or taken together, then the third or re- 
maining angle in each triangle is equal. 

45. CoR. 3. If one angle in any triangle, be ei- 
ther a right angle or an obtuſe angle, then each of the 
other two angles muſt be acute. 

46. CoR. 4. If one angle in any triangle be a 
right angle, then the other two angles taken together 
make a right angle. Two ſuch angles are called com- 
plements of each other to a right angle, This may be 


_ expreſſed thus: In a right, angled triangle, the acute 


angles are complements of each other, 

47. CoR. 5. If the vertical angle of one iſoſceles 
triangle, be equal to the vertical angle of another iſo- 
iceles triangle, then the angles at the baſe in one, are 
equal to the angles at the baſe in the other. Allo, 
if one of the angles at the baſe in one iſoſceles trian- 
gle, is equal to one of the angles at the baſe in an- 
other, then the other angles are reſpectively equal. 

48. Cor. 6. In an equilateral triangle, each angle 


is 5 of two right angles; or 30 of one right angle. 
| CoR, 
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CoR. 7. For this read cor, 1. in Simſon. 

49. CoR. 8. Hence all the interior angles of every 
rectilineal figure, are equal to twice as many right 
angles, except four, as the figure has ſides. For, let 
# be the number of ſides, s the ſum of all the interior 
angles, and let r ſtand for one right angle; then if 
cor. 1. in Simſon be algebraically expreſſed, it will 
ſtand thus, Ar =2 XrXn; whence 5Z=2Xr x -. 

30. CoR. 9. In every quadrilateral figure, the 
ſum of the four internal angles is equal to four right 
angles: for in this caſe #=4, therefore 5=2XrX4 
Ar =8r— 47 r. or four right angles. 

51. This may be proved geometrically thus (from 
Mr. T. Simpſon). Let ABCD (fig. 4) be a quadri- 
lateral figure. Draw AC through two oppoſite an- 

les, and it will divide the figure into two triangles, 
The internal angles of each triangle are equal to two 
right angles, therefore the internal angles or both tri- 
angles are equal to four right angles: but the inter- 
nal angles ot both triangles make up the internal an- 
gles ot the whole figure: therefore all the angles of a 
quadrilateral figure are equal to four right angles. 

If to the quadrilateral figure, you add another ſide 
as DE, ſo that the whole figure ABCDE has now five 
ſides, you then add another triangle ADE, and there- 
fore add to the internal angles of the quadrilateral 
figure, two more right angles, making in the whole 
ſix right angles; and ſo on for as many ſides as you 

leaſe. 

4 Co. 10. For this read cor. 2. in Simſon. 

52. PROP. 34. After the definition of a parallelo- 
gram in prop. 34. We may add that of a Trapezium ; 
by · which is commonly meant @ four ſided figure, of 
which the oppoſite fides are not parallel, Furthermore: 
A line drawn through the oppoſite angles of a paral- 
lelogram is called a Diameter. A line drawn through 
the oppoſite angles of any quadrilateral figure (whe- 
> parallellogram or trapezium) is called a Dia- 
4 


53. PROP. 
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83. PROP. 34. The converſe of the firſt part of 
this propoſition is this. If the oppoſite ſides of a 
quadrilateral figure be equal, they will alſo be pa- 
rallel; that is, the figure will be a parallelogram. 


This being a very uſeful fition may be thus 
32 a ch | F 


Let ABCD ( fig. 5.) be a quadrilateral figure, 
whoſe oppolite ſides are equal. Draw the diagonal 
BC: then becauſe AB is equal to CD, alſo AC equal 
to BD, and BC common to the two triangles ABC 
and BCD, the angles ABC and BCD are equal, by 
cor. to prop. 8. par. 39; but theſe are alternate an- 
gles, theretore AB and CD are parallel, by 27. I. El. 
Again; becauſe AB and CD are equal and parallel, 
therefore AC and BD are parallel, by 33. I. El. But 
it was before proved, that AB and CD are parallel, 
therefore ABCD is a parallelogram. 

Cor. Hence if the oppoſite ſides of a quadrilateral 
figure be equal, the oppoſite angles will alſo be equa]. 
For ſuch a figure is ook h therefore the op- 
poſite angles equal by 34. I. El. 

The converie of the ſecond part of prop. 34, is 
this. If the oppoſite angles of a quadrilateral figure 
be equal, the oppolite ſides will be parallel; that is, 
the figure will be a parallelogram. For the proof 
ſee Dr. Simſon's note on Def. 23. I. El. 

54- PROP. 39. The converle of prop. 37, ſtrictly 


ſpeaking, is this. Equal triangles upon the ſame 
baſe, are between the Che parallels. Burt this is not 


true, unleſs the triangles be alſo on the ſame fide of the 
baſe, which is therefore added. The proot here given 
is that called Reductio ad abſurdum. 

55. PROP. 44. To apply a parallelogram to a 
ſtraight line, is to make a parallelogram which ſhall 
have that line for one of its ſides, 

In prop. 42, we are taught to deſcribe a parallelo- 
gram, that ſhall be equal to a given triangle, and have 
one of its angles equal to a given angle, We are 
here taught to deſcribe a parallelogram having the 

two 
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two conditions before laid down, and alſo one more, viz, 
that one of its ſides ſhall be equal to a given line. 

56. PROP. 45, We are here taught how to de- 
ſcribe a parallelogram equal to ANY rectilinear figure 
and having an angle equal to a given angle; but we 
are not here tied down to that other condition, viz. 
that one of the ſides of this parallelogram ſhall be 
equal to a given right line. 

Tue demonſtration is manifeſtly divided into two 
caſes; one where the rectilinear figure has four ſides 
only, the other where it has more than four. This 
laſt caſe is not ſpecified in Eyclid, but it follows from 
the former. 

In the former caſe then, where the rectilinear figure 
has four ſides only, you are to divide it by a diagonal 
BD into two triangles ADB and DBC. And, firſt, 
we are to make a parallelogram equal to the former 
triangle, having an angle at the baſe equal to the 
given angle by prop. 42. We are ncxt to apply to 
the ide of this parallelogram another or ſecond 
rallelogram, equal to the latter triangle, and having 
the angle at the baſe alſo equal to the given angle oy 
prop. 44. Now Euclid ſhows that the baſes of th 
two parallelograms, which thus adhere together, 
form one continued right line. The fame he ſhows 
of their tOPs, or the ſides oppoſite to their baſes; 
wherefore the two parallelograms together, form one 
great parallelogram. Now as the firit llogram 
is equal to the firſt triangle, and the ſecond parallelo · 
gram to the ſecond triangle, both parallelograms to- 
gether, or the great parallelogram FKML, is equal to 
both triangles, or to the quadrilateral ABCD, and has 
an angle FMM equal to the given angle. 

57. Suppoſe now the original rectilinear figure had 
five ſides, viz. AEBCD (fig. 6.), We have already made 
a parallelogram FKML equal to the four ſided figure 
ABCD, and having the given angle. To the fide 
LM, apply another parallelogram LMN P, equal to 
the triangle AZB, and having the angle LMNequal 

| 0 
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to the given angle. This lelogram will alſo 
unite A. the | [= N. great parallelo- 
gram FKNP, as may be proved by the arguments 
before uſed, But the former parallelogram FXLM 
15 equal to the trapezium ABCD, and the latter pa- 
rallelogram LMV is equal to the triangle AEB; 
wheretore both rogether or the great parallelogram 
FRV, is equal to the five ſided figure AE BCD; 
and this ,. has alſo (as before) an angle 
equal to the given angle: and ſo on. 

58. The firſt parallelogram was made equal to the 
firſt triangle by the 42d prop. which does not include 
this condition, that one of the ſides ſhall be equal to 
a given right line. But by the 44th, a parallelogram 
may be made which ſhall be equal to the firſt triangle, 
have an angle equal to the given angle, and alſo have 
the ſide FK equal to a given line, and of courſe have 
the oppoſite ſide C H equal to the given line by 34. 
I. El. As the ſecond parallelogram is applied to this 
line GH, its oppoſite fide LM muſt be equal to GH, 
that is, to FR; and fo the great parallellogram (be it 
— * of ever ſo many leſs ones) will always have 
the ſide FK (and its oppoſite) equal to the given line. 
And thus it appears how we may make a parallelo- 
gram, having one fide IX equal to a given line, one 
angle FKN equal to a given angle, and the whole pa- 
rallelogram FKNP equal to a given (five ſided) figure 
AEBCD: and ſo of any other rectilinear figure. 
59. The text of Euclid goes no further than the 
firit part of the corollary to prop. 45. The expla- 
natory part added by Dr. Simſon is rather too conciſe 
to be underſtood by learners, we have therefore here 
enlarged upon it. 

60. PROP. 47. It ſhould be obſerved, that in a 
right angled triangle, the ſide ſubtending the right 
angle, is called the hypothenuſe. One ot the other 
ſides is called the perpendicular, the other ſide the 
baſe, according to the poſition in which the triangle 
is drawn. Alſo both the ſides indifferently are called 
the legs of the right angle: triangle, The 
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The hypothenuſe may alſo be conſidered as the baſe 
of the triangle, if need requite, as i yup. 8. VL El. 

61. A practical proof of the 47th of I. El. by cutting 
the two ſquares on the legs into ſuch pieces as being 
ſet together, form the ſquare on the hypothenuſe. 

LEMMA. Let ABCD (fig. 7.) be a ſquare; from 
each angular point, take the equal diſtances AE, BF, 
CG, DH on each fide reſpectively. Join the four 
points E, F, G, H. The figure formed thereby ſhall 
be a ſquare. . 

From each ſide of the original ſquare take the equal 
parts AE, BF, CG, DH, and the remainders EB, FC, 
GD, HA, will be equal; and the angles at the four 
corners ABCD are equal as being right angles; there- 
fore the four right angled triangles at the four corners 
of the original ſquare, are in all reſpets equal by 
4. I. EL and the four ſides of the inner figure, viz. 
EF, FG, GH, HE are equal. Moreover, the angle 
BEH equals EAH+AHE, by 32. I. El. But BEF 
—AHE;, ſubtract this latter equation from the for- 
mer, and we have FEH=EAH= a right angle. In 
like manner may every angle of the inner figure EF, 
GH be ſhown to be a right angle; but its ſides are 
alſo equal, therefore it is a ſquare. 

Otherwiſe thus: The four ſides of the inner figure 
being equal are therefore parallel, by converſe of 34. 
I. El. par. 53. And one angle FEH being a right an- 
gle P before) all the angles are right angles, by cor. 
46. I. El. therefore it is a ſquare. 

62. This premiſed; through the point F draw FN 
parallel to DC (31. I. El.), therefore alſo parallel to 
AB (30. I. El.) Alſo draw G M and EL parallel to 
BC, and therefore parallel to 4D. Then firſt of all 
FCGM 1s a parallelogram, and FG the diameter; 
therefore the triangle FMG is every way equal to 
GCF; that is, every way equal to EAH. In like 
manner the triangle ZLF is every way equal to the 
triangle FHE; that is, every way equal to HDG. 
Again, AELN is a fquart upon AE, the greater leg 
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| of one of theſe equal right-angled triangles. MGDN 
is a ſquare upon GM, the leſs leg of one of theſe equal 
right-angled tri and EFGH 1s a ſquare upon 
the GIS. From the former of theſe ſquares 
cut oft the corner EAH, and it will fit the triangle 
FMG. Cut off the corner HDG (part of the two 
1quares on the legs) and it will fit the triangle ELF. 
Thus the ſquare EFGH will be wholly filled up with 
parts of the two ſquares AELN MG DN, and 
no of thoſe two ſquares remain. Fherefore the 
former ſquare is equal to both the latter ſquares taken 
together; which was to be ſhown. 

63. Many of the propoſitions in the firft book of 
Euclid, are of no other uſe than as mediums to prove 
others. Thus the 16th is manifeſtly implied in the 
32d, and therefore uſeleſs after the 32d is demon- 
ſtrated. The propoſitions are alſo ranged, not in the 
order of their ſubjects, but in ſuch an order as the 
argument requires. We have here endeavoured to 
range them according to the nature of the ſubject 
omitting ſuch as are of little uſe in themſelves. 


64. Propoſitions relating to RIGHT-LINES. 


1 An equilateral triangle may be made upon a given 
right-line. Prop. 1. 

2 A given right · line may be biſeRed, or divided into 
two equal parts, geometrically. Prop. 10. 

3 A right-line may be drawn at right-angles to another 

right-line from a point therein. — This is called 

erecting a Prop. 11. 

4 A right-line may be drawn at right-angles to another 

t-line, from a given point without it. — This is 


Sh 


ed letting fall a perpendicular. Prop. 12. 


65. Of ANGLES. 


5 An angle may be biſgfted geometrically. Prop. g. 


tion, If one right-line croſſes another, there 
will be four angles formed. - Thoſe two angles 
which are on the ſame ſide of one of the lines, ſo as 
to be contiguous, age called adjacent angles ; thoſe 


two angles which are on contrary ſides, fo that 4 
r 
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their vertexes meet, are called vertical or 


angles The two lines which form an angle are 
ſometimes called its legs. 


6 The two adjacent angles taken are to 
two right angles. Prop. 13. And converſely, if two 
adjacent angles are equal to two right-angles, the 
extreme legs of theſe angles form one right-line, 

. Prop. 14. 
7 Vertical or 6ppoſite angles are equal. Prop. 15, 


66, Properties of PARALLEL-LINES. 


Definition. If a line falls on two parallel lines, it makes 
with each of them four angles, in all eight. The 
four angles within (or between) the | lines 
are called internal angles; the other four without 
the parallel lines, are called exterxa/ angles. 

Theſe angles are alſo conſidered with reference to the 
cutting line; they are either on the ſame fide that 
line, or on oppoſite ſides. 

The interior angles on oppoſite fides of the cutting 
line, are called alternate angles. 

The angles formed at one lel line, are faid to be 


2 te angles to thoſe formed at the other parallel 


8 If a right line falling upon two others, makes the 
alternate angles equal; then thoſe two lines are pa- 
rallel. Prop. 27. 

9 If the exterior angle be to the interior and 


ſite angle, on the ſame fide of the cutting Hae; then 
thoſe two lines are parallel. Prop. 28. 


10 If the two interior angles on the ſame fide the cutting 
line, taken together, be equal to two right-angles ; 
then thoſe two lines are parallel. Prop. 28. 
11 18 of theſe three propoſitions is proved in 
29. 
12 Rig — which are parallel to the ſame right- line, 
are parallel to one another. Prop. 30. 


67. Of TRIANGLES coup ARED with one another. 


There are three caſes in which two triangles are in all 
reſpects equal | 


13 Firf, When all three fides are reſpeclively equal 


(that 1s, each to each) then the angles oppoſite to 
equal fides are alſo equal. Cor. to Prop. 8. par. 39. 

14 Secondly, When two fides, and the angle contained by 
thoſe fides are reſpectively equal, then their third 

fides 
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ſides are equal; and the angles oppoſite to equal ſides 
are alſo equal. Prop. 4. 

15 Thirdly, When two angles and one fide are reſpectively 
equal ; and that fide either lies between the two an- 
gles, or is oppoſite to one of the equal angles, then 
their third angle is alſo equal; an the other fides, 
oppoſite to equal angles, are equal. Prop. 26. 


Properties of all TRIANGLES in GENERAL. 


16 In every trias r two, is 
ſite to, or ſubtends the greater angle. Prop. 18. And 
converſely, the greater angle is ſubtended by the 
greater fide. Prop. 19. 
17 Any two fides of a triangle taken together, are greater 
than the third fide. Prop. 20. 
38 If one fide of any triangle be produced, the external 
angle is equal to the two internal and oppoſite angles. 
And the three interior angles of every triangle, are 
ual to two right angles. Prop. 32. and Cor. 
19 'Triangles upon the ſame baſe, or upon equal baſes, 
and een the ſame parallels, are equal. Prep.37, 
and 38. And converſely ; equal triangles, on the 
ſame baſe, and on the ſame fide; or upon equal baſes 
in the ſame ſtraight line, and towards the ſame parts ; 
are between the ſame parallels. Prop. 39, and 40. 


Properties of PARTICULAR TRIANGLES. 


20 In an 150sciLEs triangle, the angles at the baſe are 
equal to each other. And if the equal fides be pro- 
duced, the angles under the baſe are alſo equal to each 
other. Prop. 5. And converſely, if two angles of a 
triangle are equal to one another, the fides which 
ſubtend the equal angles are equal; that is, the tri- 
angle 1s iſoſceles, Prop. 6. 


Defaition. In a right angled triangle, the fide which 
ſubtends the right angle, is called the hyporbenuſe. 


21 Ina RIGHT ANGLED 3 the ſquare on the hy- 
pothenuſe is equal to the ſum of the ſquares on 
two ſides which contain the right angle. Prep. 47. 
And 22 if the ſquare upon one fide a tri- 
angle be to the ſum of the ſquares upon the 

two tides, the angle contained by thoſe two 
fades is a right angle, Prop. 48. 


70. Pro- 
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50. Properties of PARALLELOGRAMS. 


Right lines which join the extremities of equal and 

— lines, are alſo parallel. That is, theſe four 

ines make a Prop. 33. 
ſe 


23 Oppoſite fides and angles of a paralle 
to one another, nd the diameter — the parallo- 


ram. Prop. 34: The converſe is proved, par. 5 3. 
24 If one angle of a —＋ ＋ be a right angle, all 
the angles are likewiſe right angles. Cor. to Prop. 46. 
25 — on the ſame, or on equal baſes, and 
— wo pe parallels, are equal to one ano. 
p. 35» 30. 

26 If a parallelogram and a triangle be upon the ſame 
baſe and between the ſame parallels, parallelo- 

ram ſhall be double of the triangle. Prop. 41. 
e complements of the parallelograms which are 


about the diameter of any parallelogram, are equal 
to one another. Prop. 43» 


27 


71. General properties of all iH LINED FIGURES. 
taken 


28 All the internal angles of any right lined f 
, are equal to twice as many right angles, ' 
Except four, as the figure has fides. » 8. Prop. 32. 


» 49—51. 

29 Ae right lined figure, made 
by each fide aced the way, taken together, 

are equal to right angles. Cor. 2. Prop. 32. in 


We may conſider the above, as an abſtract of the 
Erſt book of Euclid. 


BOOK Tut SECOND. 


72. All lines are meaſured by other lines. Some 
one line, arbitrarily aſſumed, is called unity, and the 
length of every other line is repreſented by the num- 
ber of thoſe lines, called units contained in it. Thus 
if a line an inch long be called unity, then the length 
of any other line as a cubit, is meaſured by the num- 
ber of inches it contains. If the cubit contains 21 
ſuch lines (each an inch long) then the cubic is 21 


inches long. Or rather, the proportion of the line 
, — called 
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called a cubit, to the line called an inch, is that of the 
number 21, to the number 1. And thus lines are 
compared with lines, but cannot be compared with 
ſurfaces, or with ſolids z any more than an inch can 
be compared with an hour. 

73. In like manner, ſurfaces are meaſured by other 
ſurfaces, If a right angled parallelogram, or rectangle, 
has its length and breadth marked out or divided into 
inches, and through each point of diviſion, lines be 
drawn parallel to the ſides of the rectangle, the figure by 
this means will be marked out into ſquares, each ſquare 
being one inch in the ſide; and the ſurface of the 
whote figure will be meaſured by the number of theſe 
ſquares (called ſquare inches or ſuperficial inches) ir 
contains. Now the number of theſe ſquare inches 
will be found by multiplying the number of linear 
inches contained in one fide of the rectangle, by the 
number of linear inches contained in the other. For 
there will be as many ſquare inches in each row of 
ſquares, as there are linear inches in one fide of the rect- 
angle, and as many ſuch rows of ſquares, az there are 
linear inches in the other ſide, as appears by the inſpec- 
tion of the figure. Now ſuppoſe the length of ſuch a 
rectangle is 9g inches, and the breadth 6 inches, then 
the whole ſurface contains 54 ſquare inches: that is, the 
whole ſurface of this rectangle, is to the ſurface of a 
ſquare, whoſe ſide is one inch, in the proportion of the 
number 54 to the number 1. And thus ſurfaces are 

compared with ſurfaces, but not with lines or ſolids. 

74. Hence it follows, that ſuch r es will be 
repreſented by the product of the multiplication of 
the number of lines called units in one ſide, by the 
number of lines called units in the other fide. I ſay 
repreſented, that is, whatever proportion any two rect- 
angles have to each other, the ſame will be the pro- 
portion of the two products of the multiplication of 
the number of lines called units, in their ſides re- 
ſpectively. Hence reQtangles in geometry, and pro- 
ducts in arithmetic, are put for cach other, and the 

names 
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names applied promiſcuouſly. Hence, what is ſhown 
concerning the equality of certain rectangles in the 
ſecond book of the Elements, will alſo be true of the 
product of the multiplication of the number of lines 
called units in their , 

75. Hence if the number of theſe lines called units 
in the ſide of a rectangle, or in the parts into which 
the ſide of the rectangle is divided, be ented al- 
gebraically by letters; moſt of the ptopoſitions in this 
ſecond book may be demonſtrated by the rules of 
algebra, as well as ically ; as ſhall be ſhown. 

76. PROP. 1. Let the whole line BC be called 3, 
and let the ſeveral parts BD, DE, EC, be called s and 
s and c; then is 5=a+db+c. Call the other undi- 
vided line x. Multiply this equation by x, and we 


have sx=ax+bx+cx, that is, the reftangle 5x con- 


tained by the intire lines 3 and x, is equal to the ſeve- 
ral rectangles ax, bx and cx contained by the undi- 
vided line x, and the ſeveral parts 4 and þ and c of the 
divided line s. 

77. PRoP. 2. Let 5 be the whole line, @ and b 
the parts; then we have 8+b=5, Multiply this 
equation by 3, and we have as +d5Z5s, that is, the 
rectangles as and bs contained by the whole and each 
of the parts are equal to 5s, the ſquare of the whole. 

78. PROP. 3. Let the whole line be 5s, the two 
parts à and þ, then we have 5=a+6b. Multiply this 
equation by 5, and we have s5=ab+656, that is, the 
rectangle 54, contained by the whole of 5s and one of 
the parts þ, is equal to the rectangle ab contained by 
the two parts à and þ together with $6, the ſquare of 
the aforeſaid part 6. 

79. PROP. 4. Let the whole line be s, the two parts 
4 and 50, as before; then is 5=a+6. Square both ſides 
of the equation, and we have 55=aa+bb+246; that 
is, 5s, or the ſquare of the whole line, is equal to 
aa+bb, the ſquares of the two parts, together with 
2 ab, or twice the rectangle contained by the parts. 

80. In the demonſtration, when the figure CGKB 
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is to be proved rectangular, Euclid inſtead of refering 
to Cor. 46. I. El. repeats the demonſtration of that 
propoſition, Therefore after the words it is like- 
wiſe rectangular, read thus, For CBK is a right 
angle, therefore CGKB is rectangular by Cor. 46. 
I. El.” Then go on at the words “ but it is allo 
equilateral,” &c. 

81. PrRoP. 5. The beſt way to demonſtrate this 
is to put à for each of the equal parts AC and CB; 
and x for the line Ce the points of ſection; 
then the greater o unequal parts or AD, is 
AC+CD or a+x, and the lets of the unequal parts 
or DB, is CB CD or a—x; their rectangle or a+x 
aa - xx: to this add the ſquare of the line 
between the points of ſection or xx, and the ſum is 
4a, or the ſquare of one of the equal parts, or the 
ſquare of half the line AB. 

82. PRoP. 6. Here again, it is beſt to wh 4 for 
one of the equal parts, conſequently 24 for the whole 
line. Lett produced be x, then the whole 
line thus produced is 24+x, and the rectangle under 
that line and the part uced is 242 T Xx NX 
+xx; to this add the ſquare of half the line biſected 
or the ſquare of a, or as, and the whole is a4 42 A* 
+xx, which is equal to the ſquare of a+x, or the line 
made up of the half a, and the part produced x, as will 


appear by multiplying a+x by ax algebraically. 
* PRoP. 7. Let the whole line be s, and the 


two parts à and , as before; then 5=a+6, and 55= 
aa+2ab+bb,. or 24b+bb+aa. To both ſides add 
bb, and we have = ., but 245 
+ 2bb=2 Xx a+bXb=235b, therefore 55 +bb= 2a; 
that is, the ſquare of the whole line (or 55), and the 
quatre of one of the parts (or 35), is equal to twice 
the rectangle contained by the whole and that part (or 
256), together with (aa) the ſquare of the other part. 

84. PRoP. 8. Let the whole line be , the two 
parts @ and 5, as before; then a+b=s, and a=s—b 
and 
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and 44=55—25þ+bb, To both ſides add 456, and we 
have 45b+aa=55+25b+bb=5+0), by Prop. 43 
that is, four times 5b, the rectangle contained by the 
whole line and one of the parts 6, together with the 
ſquare of the other part a, is equal to the ſquare of 
5-+6, the ſtraight line which is made up of the whole 
and that part. 

85. PRoP. 9. Let each of the equal parts be a, 
and the line between the points of ſection x, as be- 
tore; then is the greater of the —_— parts a ＋ x, 
and the leſs a—x, as in prop. 5. The ſquare of the 
former is aa+2ax+xx, the ſquare the latter 
aa—2ax+xx. Add theſe together, and their ſum 
is 24 ＋· 2x x, or 2Xaa+xx; that is, the ſum of the 
quares of the two unequal parts, is double the ſum 
ot the ſquares of half the line, and of the part be- 
tween the points of ſection. 

86. ProP. 10. Let the two equal parts be a, and 
the additional part 4; then is the whole line and the 
part produced 247d, and half the line and the part 
produced a+d. The ſquare of the former is 444 
+44ad+dd: to this add dd, and the whole is 444 
+4ad+24dd. Again, the ſquare of half the line and 
the part produced, or the ſquare of a+4, is aa+2ad 
+4d: to this add as, and the whole is 24a+24a4 
+44d; but the former ſum 4aa+4ad+2d4d=2X 
244 ＋T 24 ＋ 4d, or twice the latter: that is, the 
ſquare of the whole line when produced, and the 
ſquare of the additional part, is double the ſquare of 
half the line or a, and the ſquare of a+d or half the 
line and the additional part. 

87. PROP. 11. This problem is again propoſed in 
another form in prop. 30. book 6th. In theſe notes 
we have ſhown the reaſon of this difference, and alſo 
given a geometrical conſtruction of the problem as 
propoſed in the other form. It will be proper here 
to give the algebraic ſolution of the problem in its 
preſent form, and to ſhow its connection with Euclid's 
geometrical conſtruction given in this place. 

L 3 88, To 
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88. To avoid fractions, it will be beſt to call 4R 
(the given line) 2 4; that is, to put à for half that 
given line. Call the part to be ſquared, or AH, x, 
and the other part HB, y: then the two fundamental 
equations are x-+y=24 and xx=2ay. From the 
former of theſe we have y=2a—x and 2ay=448 
—24ax: ſubſtitute this for 2ay in the latter funda- 
mental equation, and we have xx=44a—2ax, whence 
xx+24x=4a48 and xx+2ax+44=4aa+aa=5aa; 
therefore x C VS and x= V A-. We 
had y=2@—x: for x put its value now found, and 


N 54a—46=3a—v 508. 
89. Euclid's conſtruction affords the very ſame 
algebraic value of the two parts x and y. For (by 
47. I. EI) 4B*+AE*'=E B*; but AB=2a, and AE 
Sa, therefore AB. = 42a, and AE*=aa, and ER. 
=5aa, and EB=\/ 5aa; but AH or x= AF = EF 
EA. or EB EAC VSA =, as before. 
in: Produce AF to L, ſo that AL may be 
equal to AB; then is FLEAL—AF=AB—AH= 
HB; but FL is alſo equal to EI E F, therefore 
HB or y=EL—EF or EL-EB or 3a—vV/ 58a, as 
As to the other anſwer to this quadratic equation 
(viz. XZ=—v 5a4—a, and y=3a+wv/ 5as) it is evi- 
dent, that here x is always negative, and y affirma- 
tive; therefore the firſt fundamental equation be- 
comes —x-+y=26, but the other is the ſame as be- 
fore. The problem therefore is changed into an- 
other, viz. To find two lines, having a given differ. 
ence, and ſuch that the rectangle under that difference 
and one of them, ſhall be equal to the ſquare of the 
other. A problem we have no concern with. 
. PROP. 13. The demonſtration of the ſecond 
of this propoſition is very difficult to learners. 
It may be proved in the fame manner as the frſt, 
making a flight alteration in the beginning. Thus: 
Secondly, Let A fall without the triangle * — 
cau 
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ecauſe the ſtraight line BD is divided into two parts 
in C, the ſquares of CB and BD, &c. as in the firſt 


caſe. 
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91. DEF. 7. This definition is neceſſary to under- 
ſtand the latter part of prop. 31. Dr. Simſon has left 
out that part in the enunciation of prop. 31. yet ex- 
plains it at the end of the demonſtration. Both this 
definition, and that latter part of prop. 31. may be 
omitted. 

92. PROP. 2. It will conduce to the clearer un- 
derſtanding of Dr. Simſon's demonſtration, if it be 
obſerved that the points A and B are in the circum- 
ference of the circle; and we are to ſhow the abſur- 
dity of ſuppoſing the line IB, which joins them, to 
fall without the circle. We are therefore obliged to 
make a falſe repreſeatation of the circle, and to ſup- 
poſe its circumference not to be round; we are obliged 
to ſuppoſe the circumference of the circle to be the 
line CAFBC, ſo that the right line IE joining the 
points A and B, may fall wholly without AFB, the 
— of the circumference intercepted between the 

ame points A and B. We have before noted the 
difficulty that may be e from trying to draw a 
figure to ſuit an impoſſible caſe, The line CAFBC 
not being in appearance round, is an awkward repre- 
ſentation of a circle: yet ſuppoſe this, ſo that the right 
line AEB may fall without AFB, a part of that circle, 
and it will imply that DF is leſs than DE; but if 
AFB is a part of a circle, then DF is a radius, and 
equal to DB, and therefore greater than DE. Thar 
is, DF, which by the ſuppoſition (that the line A B 
falls without the circle) is leſs than DE, muſt (tram 
the nature of the circle) be alſo greater than DE; 
— 4 is abſurd: therefore the ſuppoſition is impoſ- 
The demonſtration in Simſon is Euclid's own; and 
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is a reductio ad abſurdum. Commandine gives another 
demonſtration which is a direct proof. As a direct 
proof is more ſatisfactory than an indirect one, we 
will give Commandine's; but it requires, that we ad- 
mit an axiom not laid down by Euclid. and which in- 
* the reaſon why Euclid prefers the indirect 
proof. 

AXIOM. If a point be taken nearer to the cen- 
ter of a circle than the circumference, that point falls 
within the circle. 

This admitted; let ACB (fig. 8.) be a circle, D 
the center, A and B two points in the circumference. 
Join AB: I ſay the line AB falls wholly within the 
circle. For take any point E in that line, and join 
DA, DE and DB: becauſe DA is equal to DB, the 
angle DAB is equal to the angle DBA, (5. I. El.). 
But DEB is greater than DAB (16. I. El.) and there- 
fore greater than its equal DBA, or DBE; therefore 
the ſide DB is greater than the ſide DE (by 19. I. El.), 
or which is the ſame, DE is leſs than DB, and the 
point E is nearer to the center than the point B: but 
the point B is in the circumference, therefore the point 
E is nearer the center than the circumference, and by 
the axiom falls within the circle. The ſame may be 
ſhown of every other' point in the line AB, therefore 
that line falls wholly within the circle. 

93. PROP. 16. The proof given by Euclid is what 
is called redu#iio ad abſurdum. Let us admit an axiom 
correſponding to what we had in the laſt paragraph, 
and we ſhall have a direct proof analagous to the 
former. 

Axio. If a point be taken further from the cen- 
ter of a circle, than the circumference ; that point 
falls without the circle. 

Let ABE (fig. 9.) be a circle, D the center, AB a 
diameter: through A draw TAC at right angles to 
AB: I ſay the line TAC touches the circle in A. 

Take any point C in the line TAC, and draw DEC 
cutting the circle in E; then becauſe the —_— 
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DAC is right angled at A, the other two angles are 
each leſs than a right angle (32. I. El. cor. 3. = 45.) 
therefore the fide DC is greater than the fide DA 
(19. I. El.), and therefore greater than irs equal DE. 
The point C therefore is further from the center D 
than the point E, which is in the circumference ; 
therefore by the axiom, the point C falls without the 


circle, The ſame may be ſhown of every other point 
in the line TAC, except A, which by the ſuppoſition 
is in the circumference. The line TAC therefore 


touches the circle in the point A, but does not cut it. 

94. PROP. 31. The latter part of this propoſition 
as it ſtands in the Greek and in Commandine's tranſ- 
lation, is left out in Dr. Simſon's tranſlation. The 
truth is, this latter part is not only of little uſe, bur 
alſo obſcure, and therefore may be omitred, 

Though Dr. Simſon has not put this latter part in- 
to the enunciation, yet he explains it at the end of the 
demonſtration. The expreſſions in the enunciation, 
and in this latter part, (beginning thus, Befides it is 
manifeſt,”) ſeem to contradift one another, but it is 
not ſo. In the former; the angle in the greater ſeg- 
ment is faid to be leſs than a right angle. In the lat- 
ter; the angle of the greater ſegment is ſaid to be 
greater than a right angle. So again, in the former; 
the angle in the leſſer ſegment is ſaid to be greater 
than a right angle: in the latter; the angle of the leſs 
ſegment is ſaid to be leſs than a right angle. See 
Def. 7. 

The latter part may be thus explained. 

There are two right angles CAB and CAF, alſo 
two ſegments of the circle; the greater ſegment ABC, 
and the leis ſegment ADC. Now in the former of 
theſe, the ſegment ABC includes the right angle 
CA; but in the latter, the right angle CAF includes 
the ſegment ADC. Therefore the angle of the for- 
mer, or greater ſegment, is ſaid to be greater than the 
right angle; and the angle of the latter, or leſs ſeg- 
ment, is ſaid to be leſs than a right angle. 
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BOOK TAE FOURTH. 


Inſtead of prop. 5. ſubſtitute the following prop. 
Or rather read both; this firſt. 

95. PROP. 5, To deſcribe a circle that ſhall paſs 
through two given points A and B, (fig. 18.) 

Join the points A and B, biſe the line AB by 
the perpendicular DF (10. I. EL) and any circle whole 
center is ſome point in the indefinite line DF, for in- 
_ and whoſe radius is F A, will be that re- 

uired. 

, For join FA and FB, and in the triangles ADF 
and B DF, the fide AD in one is equal to the ſide 
BD in the other; the ſide DF is common, and the 
angle between theſe ſides is equal, therefore the third 
ſide AF in one is equal to the third fide BF in the 
other, (4. I. El.) and a circle deſcribed with the cen- 
ter F, and at the diſtance FA of one of the points, 
will paſs through the other. 

96. CoR. 1, Hence we may learn to draw a cir- 
cle that ſhall paſs through three given points B, 4 
and C: for join the points 4 B, biſect the line 
AB perpendicularly in D, and the center of every 
circle that paſſes through A and B, muſt be ſome- 
where in the line DF. In like manner, join A and 
C, and biſect AC perpendicularly in E, and the cen- 
ter of every circle that paſſes through A and C, muſt 
be ſomewhere in the line EF. Therefore the center 
of the circle that paſſes through all three points B, 
A and C, mult be a point, both in the line DF and 
alfo in the line EF; but ſuch a point can be no where 
but in the common interſection of thoſe lines F; 
which is therefore the center of the cirele required, 

SCHOLIUM. The line DF is called the Locus 
of the centers of all the circles that will paſs throu 
A and B. And the line EF is the Locus of 
centers of all the circles that will paſs through A and 
C. 6— ET 
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by finding the locus of all thoſe points, that will an- 
ſwer the ſeveral conditions ſeparately, is called, Con- 
ſtructing of problems by the interſection of GEOMETRIC 
LOCI. 

98. CoR. 2. If the points A, B, and C lie all in 
one right line, the perpendiculars DF and EF will 
be paralle}, and never interſe&; therefore in this cafe 
the problem is impoſſible. 

99. Cor. 3. Hence we may ſee why it is always 
poſlible (excepting in one caſe) to draw a circle to 
paſs through any three points, but not through any 
four points. For two right dines not parallel (if con- 
tinued) muſt have one common interſection ſome- 
where. But in the caſe of four given points, there 
will be three perpendiculars ; but three right lines 
have not of neceſſity one common interſection. They 
may or they may not interſect in one common 7 
therefore the problem to draw a circle through four 
given points, lometimes does and ſometimes does not 
admit of a ſolution. 

100. COR. 4. Hence we may learn to deſcribe a 
circle about a given triangle. For nothing more is 
required, than to draw a circle that ſhall paſs through 
the three angular points, 
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101. The great difficulty in this book ariſes from 

hence, that Euchd extends his propofitions abour 

rtionals, to incommenſurable as well as com- 
meaturable quantities. 

102. And here in we firſt place the muſt explain 
what is meant by c urabls and incommenſurable 
quantities. Now a lets quantity is ſaid to meaſure a 
greater, when the leſs is contained in the greater any 
exact, or integral number of times. Two quantities 
are {aid to be commenſurable when a third quantity can 


be found that will meaſure them both ; and that third 
quan- 
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quantity is called their common meaſure. Two quan- 
tities are ſaid to be incommenſurable when they admit 
of no common meaſure. 

103. All whole numbers are commenſurable; for 
unity is their common meaſure. All fractions are 
commenſurable : for let any number of fractions be 
reduced to other equivalent fractions, having one 
common denominator; then a fraction whoſe nume- 
rator is unity, and denominator that common deno- 
minator, will meaſure every one of thoſe fractions. 


106. An Lot ihe e ba . Tie 
oy . 337 


reduced to others of the ſame value having one com- 
” and 22, Now 


mon denominator will be ; —0> 
105' 105 105 


it is evident, that the fraction = will meaſure every 
one of them, becauſe the et part of an unit will 


meaſure any integral number of the like oath parts of 


an unir. 

All mixt numbers are alſo commenſurable; for they 
may be reduced to improper fractions: therefore num- 
bers of all ſorts, integral, fractional or mixt, are com- 
menſurable. | 

105, Two quantities having thus a common mea- 
ture, can be repreſented by numbers, or are to each 
other as one number to another; namely, as the num- 
ber of times that common meaſure 1s contained in one 
quantity, is to the number of times that common mea- 
jure is contained in the other quantity; juſt for the 
ſame reaſon as a line of 12 inches long, and a line of 
5 inches long (having a line of one inch for their 
common meaſure) may be repreſented by the num- 
bers 12 and 5; or are to each other as numbers 
12 and 5. 

106, On the contrary, incommenſurable __ 
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admitting of no common meaſure, are not as number 
to number, nor can they be repreſented by any num- 
bers whatever. We will give one inſtance of this 
out of many. The fide of a ſquare is incommenſura- 
ble to the diagonal of that ſquare. If the ſide of the 


ſquare be 1, the diagonal will be more than 1, but 


leſs than 2. If the fide be 10, that is, if the fide be 
divided into 10 equal parts, the diagonal will be more 
than 14 ſuch parts, but leſs than 15; ſhould we ſay 
it was exactly 14 ſuch parts, the error would be leſs 
than one of theſe parts of which ten make the ſide; 


that is, leſs than —th of the ſide. Again, let the ſide 


be divided into 100 equal parts, the diagonal will be 
more than 141 of ſuch parts, but leſs than 142. The 
error (ſhould we call the diagonal 141 of theſe parts) 


would be leſs than —th part of the ſide. The error 


thus made (by aſſigning an exact number of equal 
to both the ſide and the diagonal) will grow leſs 
and leſs, as the number of parts increaſes; yet that 
error can never be exhauſted, nor can that error be 
aſſigned in numbers. Though the number of equal 

into which the ſide is divided be ever ſo great; 
yet the diagonal will never contain any number of 
ſuch parts EXACTLY : and thus the fide of the ſquare 
is NOT to the diagonal as number to number, or it is 
INCOMMENSURABLE to the diagonal. That the ſide 
of the ſquare and its diagonal are thus related, is de- 
monſtrated in the laſt propoſition of the tenth book 
of Euclid. 

Having thus endeavoured to explain what is meant 
by commenſurable and incommenſurable quantities, 
we proceed to the definitions. 

107. DEF. 3. The idea of ratio is undoubtedly a 
fimple idea; therefore no definition of it can be 

ven, and all controverſies about its definition are 
utile. The former of the two magnitudes, whoſe 
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relation is here contemplated, is called the Ad TRCE- 
DENT, the latter the CONSEQUENT. We may fur- 
ther obſerve, that the idea of ratio, reſults from com- 
paring two things in reſpect of itude or quan- 
tity only. Quality (conſidered as addititious or ſub- 
ductitious) hath no concern with it. 

108. DEF. 4. The meaning of this definition is, 
that all homogeneous quantities have a Certain ratio to 
each other; bur ratio cannot ſubſiſt between heteroge- 
venus quantities. When the leſs of the two quantities 
thus compared, can be ſo multiplied as to exceed the 
gue: then thoſe two are eneous quantities. 

hus a line of one yard, can be ſo multiplied, as to 
exceed a mile in length; but it cannot be fo multi- 

lied as to exceed a year in duration; therefore a yard 
Fach a certain ratio to a mile, but it hath none to a 
year. For a like reaſon, lines can have no ratios to 
ſurfaces, nor ſurfaces to ſolids; but lines are to be 
compared with lines, ſurfaces with ſurfaces and ſolids 
with ſolids, 

109. Although the idea of proportionality is a ſim- 
ple idea, and cannot be conveyed by any words what- 
ever; yet there may be a characteriſtic or mark which 
always accompanies it, and may direct us to know 
equality of ratios. The charaQteriſtic commonly 
given, viz. Def. 20. VIII. El. (which fee, par. 124.) 
is true; and with reſpect to numbers and all commen- 
ſurable quantities, is general. But a mark for equa- 
lity of ratios is wanted, which extends to incommen- 
ſurables alſo; ſuch is Euclid's 5th definition in this 
book. But to underſtand it, inſtances of its applica- 
tion in particular caſes muſt be given. 

110, Suppoſe then the four numbers following 
were propoſed to our conſideration, viz. 3, 2, 12, 8. 
I ſay, the firſt of theſe has the ſame ratio to the ſecond, 
which the third has to the fourth; according to the 
teſt laid down in definition 5th: or, in the language 
of definition 6th, I lay theſe four magnitudes are pro- 
fortionals. 


111. For, 
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111. For, let us multiply the firſt and third by any 
number, as 6, and they become 3x 6=18 and 12X(6 
—72. Again, multiply the fecond and fourth by any 
number, as 10, and they become 2X10=20 and 
$X10=$0. Now as the multiple of the firſt, or 18, 
is Jeſs than the multiple of the ſecond, or 20, ſo is the 
equimultiple of the third, or 72, le than the equi- 
multiple of the fourth, or 80. 

112, Let us take the ſame equimultiples of the 
firſt and third, as before; but let us multiply the ſe- 
cond and fourth by the number 9, and they become 
18 and 72. Here the multiple of the firlt is equal to 
the multiple of the ſecond, both being 18; and ſo the 
multiple of the third is equa} to the multiple of the 
fourth, both being 72. 

113. Let us take the ſame equimultiples of the 
firſt and third, as before; but let us now multiply the 
ſecond and fourth by the number 8, and they become 
16 and 64. Here the multiple of the firſt, or 18, is 
greater than the multiple of the ſecond, or 16, and 
che multiple of the third, or 72, is alſo greater than 
the multiple of the fourth, which is 64. 

114. The criterion is in this inſtance complete; it 
holds in all three circumſtances: whether the multi- 
ple of the firſt is leſs, equal to, or greater than the 
multiple of the ſecond; ſtill the multiple of the third 
is in like manner lefs, equal to, or greater than the 
multiple of the fourth. The criterion muſt hold in 
all three caſes; it muſt alſo hold whatever be the mul- 
tiplier, to be complete. 

115. It may be objected to this, that if it be thus 
neceſſary to ſhow that the criterion holds, whatever be 
the equimultiples of the firſt and third terms; and 
alſo whatever be the equimultiples of the ſecond and 
fourth ; we ſhall never be able in this manner to de- 
termine whether four quantities are proportional, 
becauſe we can never make an actual trial of all poſ- 
fible multipliers. It may be anſwer: 1, we are not 
to determine this queftion by making ſuch trials; 

but 
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but by ſhowing from the nature of the quantities, that 
whatever be the multipliers, if the multiple of the 
firſt exceeds that of the ſecond, the equimultiple of 
the third vill exceed that of the fourth, and ſo on. 
This is Euclid's method in the very firſt inſtance of 
applying this definition, Prop. 1. VI. El. And in the 


ſame manner it is ſhewn in par. 129, that if 7 then 
2, l, c, d, are proportional according to Euclid's 5th 


definition. 

116, Suppoſe now A (fig. 10.) to be the fide of a 
little ſquare, and B its diagonal. Suppoſe alſo C to 
be the fide of a greater ſquare, and D its diagonal. 
Then if we take 4 15 times, it will ſomewhat exceed 
the diagonal B taken 10 times. Allo, if we take the 
fide C 15 times, it will ſomewhat exceed the diagonal 
D taken 10 times. Again, if we take the ſide A 14 
times, it will ſomewhat fall ſhort of the diagonal B 
taken 10 times: ſo alſo if we take the ſide C 14 times, 
it will ſomewhat fall ſhort of the diagonal D taken 10 
times. Here it may be obſerved, that in the firſt 
caſe the equimultiplier of the firſt and third terms, 
viz. A and C is 15, the equimultiplier of the ſecond 
and fourth terms, viz. Band D is 10. In the ſecond 
caſe, the former equimultiplier 1s 14, the latter equi- 
multiplier is 10. Now if this be true whatever be the 
multipliers; that is, if whenever the multiple of 
the firſt exceeds or falls ſhort of the multiple of the 
ſecond, the equimultiple of the third, in like manner, 
exceeds or falls ſhort of the equimultiple of the 
fourth; then are thoſe quantities proportional: that 
is, A is to B, as Cis to D. And this holds though, 
no multiplier can be found, by which multiplying the 
fide A, it ſhall exactly equal the diagonal B. Thus 
then we have a criterion of the equality of two ratios, 
although the terms of thoſe ratios are incommenſura- 
ble to each other, and conſequently not expreſſible by 
numbers. It is ſufficient that whenever the multiple 


of the firſt term is leſs (equal to, is here ſuppoſed im- 
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poſſible) or greater than the ſecond; the multiple of 
the third is likewiſe leſs or greater than the fourth. 
117. DEF. 6. This is merely an explanation of 
the word proportional. It may be obſerved, that pro- 
portion or proportionality, implies four terms. Ratio 
ſubſiſts between two terms only. Indeed ratio neceſ- 
ſarily implies two terms, but an equality of ratios im- 
plies four terms; the two firſt of which are to be 
compared together, and do bear a ratio to each other 
(ſee Def. 4.); and the two laſt are alſo to be compared 
together, and do bear the ſame ratio to each other. 
118, DEF. 7. In the criterion of the equality of 
ratios given in definition 5, the multipliers may be 
any number whatever; but not fo in the criterion here 
laid down of one ratio's being greater than another. 
The ſenſe of this definition is, that if any two multi- 
pliers can poſſibly be found ſuch, that (when equimulti- 
ples, &c.“ (as in definition 7th) that then the ratio of 
the firſt term to the ſecond, is to be reckoned and called 
greater, than the ratio of the third term to the fourth, 
&c. 
119. A queſtion ariſes, How ſhall we know whe- 
ther any ſuch multipliers can be found? The anſwer 
is, Make two fractions, the firſt having for its 
numerator the antecedent, and for its denominator the 
conſequent of the firſt ratio: let a ſecond fraction be 
formed, in like manner, out of the terms of the latter 
ratio; then the numerator and denominator of either 
of theſe two fractions, or of any other fraction of an 
intermediate value, will be the multipliers ſought. 
120. Example. Let the four magnitudes be 3, 23 
11, 8: the firſt ratio being that of 3 to 2, the latter 


ratio that of 11 to 8; therefore the firſt fraktion is 7, 


the latter fraction is _ Let now theſe fractions be 


reduced to two others of LL ſame value, but * 
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the ſame denominator, and we have 3=— and _ 
4 Now between . and — there lies the fraction 
16 16 16 l 

23 


755 being one, out of an infinite number, of an inter- 
mediate value. The multipliers therefore may be, 
firſt 3 and 2. Secondly 11 and 8. Thirdly 23 and 16. 
We will try all theſe multipliers. 

Firſt 3X2 and 8X3 give 6 and 22. 

Again 2 x; and 8 X give 6 and 24. 
Therefore the multiple of the firſt term is 6, the mul- 
tiple of the ſecond 6; that of the third 22, that of the 
fourth 24. Here the multiples of the firſt and ſe- 
cond terms are equal; but the multiple of the third 
term is leſs than the multiple of the fourth; therefore 
the latter ratio (that of 11 to 8) is leſs than the for- 
mer ratio. 

Secondly 3X 8 and 11X38 give 24 and 88, 

Again 2X11 and 8 XII give 22 and 88. 

The multiple of the firſt term is 24, of the ſecond 
term 22; of the third term 88, of the fourth term 88. 
Here the multiple of the firſt term is greater than the 
multiple of the ſecond; but the multiple of the third 
term is equal to (not greater) than the multiple of 
the fourth; therefore the ratio of 3 to 2, is greater 
than the ratio of 11 to 8. 

Thirdly 3X16 and 11 X16 give 48 and 176. 

Again 2X23 and 8X 23 give 46 and 184. 
The multiple of the firſt term is 48, of the ſecond 
term 46; of the third term 176, of the fourth term 
184. Here the multiple of the firſt term is greater 
than the multiple of the ſecond ; but the multiple of 
the third term is leſs than the multiple of the fourth; 
therefore the ratio of 3 to 2, is greater than the ratio 
of 11 to 8. 

121. Fhe fractions affording theſe multipliers were 
| 3 


2? 
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8 23 nd = or rather 24 23 22. None ort of 
=, 10 and I, TT BT No | theſe 


limits will afford a proper teſt; for inſtance, take ws 


16" 

that is, take 25 and 16 for the multipliers : 

Then, 3X(16 and 11X16 give 48 and 176. 

Alſo, 2X25 and 8X25 give go and 200, 
Here the multiple of the ſirſt term, or 48, is leſs than 
the multiple of the ſecond, or 30; and the multiple of 
the third term, or 170, is allo leſs than the multiple 
of the fourth, or 200; yet for all this the ratio of 
3 to 2, is neither leſs nor equal to the ratio of 11 
to 8. 
21 


Once more: take for the fraction 5 


the multipliers 21 and 16, 


Then, 3X16 and 11X16 give 48 and 176. 

Allo, 2X21 and 8 X 21 give 42 and 168, 
Here the multiple of the firſt term, or 48, is greater 
than the multiple of the ſecond, or 42; and the mul- 
tiple of the third term, or 176, 1s alfo greater than 
the multiple of the fourth, or 168; yet we are not to 
conclude, either that the ratios of 3 to 2, and of 11 
to 8 are equal, or that the latter 1s greater than the 
former, becauſe there ARE multiplicrs to be found 
ſuch, that when the multiple of the firſt is greater 
than that of the ſecond; the multiple of the third is 
Nor greater than the multiple ot the fourth: and 
when this 7s poſſible, then the firſt term is ſaid to have 
to the ſecond, a greater ratio than the third term has 
to the fourth. 


122. DEF. 8. ought to be left out, as unneceſſary 
after definition 6. 

123. DEF. 9. When proportion is ſaid to conſiſt 
of three terms, it is meant that the middle term ſhould 
be repeated, fo as in fact to make four, only the two 
middle terms are the ſame; the conſequent of the firſt 
ratio being made the antecedent of the ſecond ratio: 


M 2 : ſce 


, that is, make 
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ſee par. 117. DEF. A. (in Simſon) will be conſidered 
in par. 141. 


The doctrine of PROPORTIONALITY, as reſtrained 
to numbers and commenſurable quantities; and 
its connexion with the principles laid down in 


El. sth. 


124. The definition of proportion in numbers given 
by Euclid (Def. 20. VII. EI.) is this: 

Four numbers are proportional when the firſt is the ſame 
multiple, part, or parts of the ſecond, as the third is of 
the fourth. 

To find what multiple, part, or parts, (in Euclid's 
ſenſe) the firſt is of the ſecond, we muſt divide the 
firſt by the ſecond. Now by what was ſhown in the 
doctrine of fractions, par. 18, the quotient of one 
number, divided by another, may be expreſſed by a 
fraction, whoſe numerator is the dividend, and deno- 
minator the diviſor : therefore the criterion of pro- 
portionality in numbers may ſtand thus. 

Four numbers are proportional, when a fraction whoſe 
numerator is the firſt, and denominator the ſecond term; is 
equal to a frattion whoſe numerator is the third, and deno- 
minator the fourth term. 

125. This criterion may be extended to other 
tities beſides numbers, with theſe two proviſoes. 
Firſt, that the firſt and ſecond 'terms be of the ſame 
kind (as in Def. 4. par. 108.); otherwiſe the firſt car 
not be any multiple, part, or of the ſecond. In 
ſuch a caſe it would be abſurd to ſay, the ſecond is 
contained any number of times in the firſt, or to talk 
of the quotient of the firſt divided by the ſecond; for 
ſuch quotient only expreſſes the number of times the 
ſecond is contained in the firſt. Thus it would be 
abſurd to ſay, a yard in length is contained any num- 
ber of times whatever in an hour of duration; or to 
enquire, how often a yard in length, can be found in 
an hour of time; as is done in diviſion of abſtract 
a num- 
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numbers. For the ſame reaſon, the third and fourth 
terms muſt be homogeneous (to each other) though 
they may be of a different kind from the firſt and ſe- 
cond terms. The ſecond proviſo is, that the firſt 
term muſt be commenſurable with the ſecond; and 
the third term commenſurable with the fourth; other- 
wiſe the criterion above mentioned cannot be applied. 
When two quantities are commenſurable, they are as 
number to number, as was obſerved, wa 105. But 
if they have no common meaſure, they are not as 
number to number; the one is not ſeo any mul- 
tiple, part, or parts of the other, ſee par. 106; the 
quotient of one divided by the other, cannot be aſſign- 
ed or expreſſed by any number whatever, whether in- 
tegral or fractional; and therefore the fraction whoſe 
numerator is the firſt term, and denominator the ſe- 
cond, cannot be aſſigned, nor any thing effirmed 
about irs equality to another fraction. For this reaſon 
Euclid has givenadifferent criterion of proportionality. 
(Def. 5. V. El.) as was before —. r. 109. 
126. It will be proper to ſhow that theſe two defi- 
nitions are conſiſtent with each other; or that when 
four (commenſurable) quantities are proportional, 
according to the 5th definition of Euclid, they are 
alſo p zonal according to the definition in par. 
1243 the converſe. 
127. I ſay then, if à is to 5, as c is to d, according 
to Euclid's gth EL that aXd=bXc. 
Firſt, @ : 3 :: : 4 by the hypotheſis, 
nnn 15. V. El. 
c : 4 ::aXd: bXd 11. V. El. 
mne 15. V. El. 
a xd: xd :: bXc : I xd 11. V. El. 


a xd = bXc 9. V. El. 
128, CoR. 77 that is, if four quantities are 


roportional, according to Euclid's definition, V. El., 
they are alſo proportional according to the definition 


in par. 124. 
N 3 129. Con: 
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129. Converſely. If four quantities are proportional 
according to par. 124, they are allo proportional ac- 
cording to V. El., which may be thus ſhown. 


If = then is d , but if xd, then 


ie a to b, as c to d, according to definition 5th, V. El, 
For let any number, as 3, be the common multiplier 
of a and c; and let any other number, as 2, be the 
common multipher of þ and 4; 1 ay, if 33 is greater 
than 26, then 3c 1s greater than 24; if equal, equal; 
if leſs, leſs. For becauſe aXd=bXc, it tollows that 
34X2d4=2bX3c; therefore if 34 be grc r than 26, 
then 3c is greater than 24; if equal, equa]; if leſs, 
leſs. The tame is true, whatever be the multipliers : 


therefore à is to 5, as c is to d; according to definition 
5th, V. El. _ 
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130. The criterion of proportionality in numbers 
being in ſo many caſes applicable to OTHER QUAN- 
T1TIES, it may be proper here to demonſtrate alge- 
braically, the chief properties of proportional num- 
bers, as theſe properties will hold good in all caſes 
where that criterion can be applied, ſce par. 125. 


131, Now if a:5::c:4; that is, if == (accord- 


ing to the definition, par. 124.) then is aXd=bXc; 
that is, if four proportional quantities be expreſſed in 
numbers, then is the product of the multiplication of 
the two extreme terms, equal to the product of the 
multiplication of the two mean terms. Converſely, 
if ax del xc, then is 72 or 4: 5:: c: d: that is, if 
four quantities are of ſuch a ſort, that when expreſſed 

in numbers, the product of the multiplication of the 
extremes, is equal to the product of the means, then 
are thoſe four quantities proportional. This is an 
algebraic proof of the 16th Of VI. El., analogous to 


thoſe 
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thoſe before given of the propoſitions of the ſecond 
book : ſee par. 74. 
CoR. 1. Hereafter we may take either equation, 


VIZ, 77 or aXd=dbXc, for the mark of propor- 


tionality; one equation imply ing the other. 

CoR. 2. If the two middle terms are alike; that 
is, if a: 3: : B: c, then is aXcZ=bX6b; that is, the 
product of the extremes is equal to the ſquare of the 


means: and converſely, if aXc=66, then is 785 
that is, a: :: U: c. This anſwers to 17. VI. El. 
con. 3. If axd=bxc, then a=, which is 


the demonſtration of the common rule of three; that 
is, to find a fourth proportional in numbers, you muſt 
multiply the ſecond and third terms together, and 
divide that product by the firſt. 

Cor. 4. Equal quantities have the ſame ratio to 
the ſame quantity; that is, if @ and & be equal, and 
c be a third quantity, then à is to c, as & is to c: for 


if a=b, then © and © are equal fractions. This is the 


5th of V. El. Alſo, if à and þ have each of them the 
ſame ratio to c, that is, if à is to c, as bis to c, then 


are @ and þ equal: for if a: c:: b: c, then is 2 
9 


multiply both ſides of the equation by c, and we have 
agb. This is the gth of V. El. 

CoR. 5. If two ratios are equal to a third, they 
are equal to one another; that is, if @ be to 5, as c 1s 
to d, and c is to d, as e is to , then à is to 5, as e is 
to F: for if — and fp then is =p therefore 
a:b::e:f. This is the 11th of V. El. 


CoR. 6. Quantitics have the ſame ratio to one an- 
other, which their equimultiples have; that is, @ is 


4 to 
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to 3, as rXa is to rx; for 25 by the doctrine 
of fractions, therefore a: ):: XA: TX. This is the 
15th, V. El. 


Alſo à is to 5, as : is to 7 for the equimultiplier 


is — Otherwiſe we may ſay that * and 


bn 
1 r 


Moreover: If 4: 5:: e: d, then Xa: rXb:: xc 
:Xxd; for „ ber 72 by the 


rXb NA 4 
LK. n 22 
hypotheſis; therefore —MH 72 and r XA: r* I:: 


Nc: 5Xd, by the definition, par. 124. 

Further: If 4: 5: : c: d, then, multiplying the an- 
tecedents by r, and the conſequents by , we have 
rXa:sXb::rxXxc:5X4; for by the hypotheſis 7 


87-8 


therefore * N and 1 :3Xb::rXc: 5Xd, by 


par. 124. 
Cok. 7. If four proportional quantities are ex- 


my in numbers, then are the ſquares of thoſe num- 
rs alſo proportional; and fo alſo are any other 
quantities having the proportion of thoſe ſquare num- 
bers; ſee par. 75. That is, if a:4::c: d, then is 
aa:bb::cc: dd; for if aXd=bXc, then aa X dd 
bbXcc, andaa:bb:: cc: dd. This anſwers to 22. VI. El. 

Cor: 8. If four quantities are proportional, they 
are proportionals when taken inverſely : that is, if 
a:b::c: d, then inverſely b:a::4d:c; for in this caſe 
allo axd=bXc. This is prop. B. and follows the 
6th of V. El. in Simſon. 

CoR. 9. If four quantities are proportional, they 
are alſo proportional when taken alternately. Bus _ 
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all four quantities muſt be of the ſame kind, otherwiſe 
this is not true; though it is of the abſtrat? numbers, by 
which thoſe quantities are repreſented. I ſay then, if 
a:b::c:4d; that by permutation, or alternately, a: c 
2:5: d; for in this caſe allo aXd=bXc. This is the 
16th of V. El. 

Cok. 10. If four quantities are proportionals, they 
are ſo when taken jointly ; that is, if 4: U:: c: d, then 
by compoſition (as it is called) a2): h:: c: d; for 
a+bXd=c+4dXb, or ad+bd=bcXbd, as is evident, 
becauſe ad=bc by the hypotheſis. This is the 18th 
of V. El. In the ſame way alſo a+b:a::c+d:c; 
for a+bXc=c+dXa, for the ſame reaſon as before. 

CoR. 11. If four quantities are proportionals, | 
are ſo when taken disjointly; that is, if @:6:: =_ 
then by diviſion (as it is called) a—b:b::c=T: d; 
for a—bXd=c—dXb, or ad—bd=bc—b4d, becauſe, as 
before, ad=bc by the hypotheſis. This is the 17th 
of V. El. 

CoR. 12. If four quantities are proportionals, they 
are ſo by converſion; that is, if 2:6 :: c: d, then 
4: -:: c: 4; for c-dXa=a—bXc, or ac—ad 
=ac—bc, becauſe, as before, ad abe. This is prop. 
E. and follows the igth of V. El. in Simſon. 

CoR. 13. If 3:62: c: 4 then a+b: a—b:: 4 
:c—d4; for a+bXc—d=a—bXctd, or ac cad 
—bd=ac—bc+ad—bd; and this will be true if cad 
—=ad—bc, or 2bc=2ad: but this is true, becauſe 
ad=bc by the hypotheſis. This, though not in Eu- 
clid, is an uſeful propoſition. 

CoR. 14. If ſeveral homogeneous quantities, when 
taken two and two, have each a given ratio (that is, 
one and the ſame known ratio) to one another: then, 
as the antecedent of that given ratio, is to its conſe- 

uent, ſo is the ſum of all the other antecedents, to 
the ſum of all the other conſequents. 

Let the given ratio be that of @ to 5; let the other 

| quan- 
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quantities be c and d; e and ; g and h; then by the 


* ad=bc 
hypotheſis, 4: 5 :: J. „ {hence a f=be 

:h ah=be 
and ſumming up all theſe equations we have ad+af 
+ah=bc+be+bg, or aXd+f+h=bXc+etg; 
therefore a: b:: c+eg : d+f+/. If we ſum up the 
terms a and h with the others (ſtating the firſt anal 
thus, a: b::4a: h, and the firſt equation ab g) then 
this propoſition coincides with the 12. V. El. But 
the propoſition is moſt uſeful in the form here laid 
down. 

CoR. 15. If there be a ſeries of three or more 
quantities, a, 6, c; allo another ſeries of as many 
quantities, d, e, ; and if the firſt pair in the former, are 
proportional to the firſt pair in the latter; the ſecond 
pair in the former, to the ſecond pair in the latter, 
and ſo on in order; then are the extreme terms in the 
former ſeries, proportional to the extreme terms in 
the latter. 

Thus, ifa:b::d:e a TCE NA 

and ö: c:: 7 | whence bXf=cXe 
Then is a: c:: d: /; for from the firſt of the above 


1 a b 6 _c 
equations we have 27 and from the latter * 
whence ==<and a CN, that is, a: c:: d: f. This 


4 7 
is called ex £quo ordinate, and is the 22. V. El. 

CoR. 16. If the proportion be not (as before) be- 
tween correſpondent pairs, but between any others; 
as if the firſt pair in the former ſeries, be proportional 
to the ſecond 1 in the latter; and the ſecond pair 
in the former feries, be proportional to the firſt pair 
in the latter; then alſo are the extreme terms in each 
ſeries proportional. 

Thus, if a:$::e: aXf=bxe 

_ 7, A ne 8 
Then is a: : 4: ; tor, from the equations above, 
N 


PROPOR TIONALS 1387 


it is evident that aXf=cX4d: whence 4: c:: d:. 
This is called ex 2qio periurbate, and is the 23. V. El. 
Scholl. The propoſitions in the fifth book 
of the Elements moſtly referred to, are the 7th, gth, 
11th and 15th. Theſe are demonſtrated in cor. 4, 5, 
6. The 16th and 17th of VI, EL are very much re- 
ferred to: theſe are demonſtrated in par. 131. and 
cor. 1, 2; only all theſe demonſtrations are ſubject to 
the reſtrictions mentioned in par. 125. 

Thoſe who will not be at the trouble of ſtudying 
the whole fifth book, may read the definitions only; 
with what is here delivered about them and about 
proportionals, and then paſs on to the ſixth book; 
the firſt and laſt of which are here demonſtrated in an 
eaſter way. 

After the firſt 17 propoſitions of the ſixth book, 
the reader may take the 19th, 3oth and 33d, omitting 
the reſt as of leſs general uſe: or if he thinks this 
too much, he may read only the eight firſt propoſi- 
tions and the laſt ; but theſe are abſolutely neceſſary 
for every one who means to ſtudy either aſtronomy or 
natural philoſophy. | 
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132. PROP. 1, We will here give another demon- 
ſtration of the former part of this propoſition; re- 
ſtrained indeed to commenſurables, but perhaps on 
that very account eaſier to be underſtood by learners. 

Let the triangles ACH and ADL have the ſame 
altitude, viz. the perpendicular drawn from the point 
Ato BD; then as the baſe CH is to the baſe DL, ſo 
is the triangle AC to the triangle ADL. 

Let the bale CH be commenſurable to the baſe DL, 
and let CB be their common meaſure. Divide the 
baſe CH by the common meaſure into the equal parts 
CB, BG, GH, alſo divide the baſe DL by the ſame 
common meaſure into the parts DK, KL, equal ro 
one an ther, and to each of the parts of the bale CH. 


From 
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From the vertex A, draw lines to each of the points 
of diviſion in the baſe CH; that is, draw AB and AG, 
and the great triangle ACH will be divided into as 
many leſs triangles, as there are parts in its baſe CH. 
In like manner, draw lines to each of the points of 
diviſion in the baſe DL (viz. draw AK) and this tri- 
angle alſo will be divided into as many leſs triangles, 
as there are parts in its baſe DL. Now all theſe leſs 
triangles, in each of the two greater ones, are equal 
to one another - | 38. I. El. Therefore the whole 
triangle AC H will be to the whole triangle ADL, as 
the number of little triangles which make up the for- 
mer, to the number of little triangles which make up the 
latter; that is, as the number of equal parts (or lines) 
which make up the baſe of the former triangle, to the 
number of (the like) equal parts which make up the 
baſe of the latter; that is, as the whole baſe CH to the 
whole baſe DL. 

The latter part of the demonſtration, * And becauſe 
the parallelogram,” &c. may ſtand as in Euclid. 

133. PROP. 4. The fides about equal angles are 
roportionals,” and * the ſides oppoſite to equal an» 
les are homologous.” 

Thus the angle at A being equal to the angle at D, 
the ſides about the former are 2. to the 
fides about the latter; that is, AB: AC:: DC; DE. 
And the two antecedents AB and DC, are oppoſite to 
the equal angle at C and E; alſo the two conſequents 
AC and DE are oppoſite to the equal angles at B 
and C. See Def. 12. V. El, 

134. In <quiangular triangles, the ſides oppoſite to 
equal angles, are by ſome called correſponding fides; 
and correiponding fides in equiangular triangles are 
ſaid to be proportional: that is, as the ſide AB in one 
fuch triangle, is to its correſponding ſide DC in the 
other; ſo is the ſide AC in the former triangle, to its 
correfponding fide DE in the latter: (fee Mr. T. 
Simpſon's Gcometry, B. IV. p. 14.) That this is 


true 
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true is evident; for it is only taking Euclid's pro- 
rtionals alternately, by 16. V. El. 

Though the term homologous has reference to a par- 
ticular order in Euclid's = of ſtating theſe propor- 
tionals ; yet homologous ſides are alſo correſponding 
4 both being thoſe that are oppoſite to equal an- 

es. 

. 135. It follows from this propoſition, that equian- 
gular triangles are of neceſſity ſimilar figures, according 
to Def. 1. VI. El.: therefore in ſpeaking of triangles, 
Jon triangles is often put to denote equiangular tri- 
angles. 

To. PRop. 18. Similar figures have been defined, 
bur not ſimilarity of ſituation. Similar figures are 
alſo ſimilarly ſituated, when all their homologous ſides 
are parallel. Thus, becauſe AB is to AG, as CD to 
CF, therefore the homologous ſides AB and CD muſt 
be parallel, and alſo the homologous ſides AG and 
CF muſt be parallel, Moreover, becauſe GH: HB 
: FEE: ED, therefore alſo GH mult be parallel to FE, 
and HB parallel to ED. 

Although ſimilarity of ſituation is mentioned as a 
condition in the enunciation of the problem, yet it 
ſeems not noticed in the conſtruction : no notice is 
taken that the line AB, given in length, muſt be of 
neceſſity parallel to one of the ſides of the given rec- 
tilinear figure; and in the concluſion it is affirmed, 
that the figure made in conſequence of the conſtruc- 
tion laid down, is indeed deſcribed upon the given 
ſtraight line, and is ſimilar to the given figure; bur 
no notice is taken of its ſituation with reſpect to that 
given figure. 

137. PROP. 27. The 27th of the fixth book is 
introduced for the ſake of the 28th; and the two 
problems in the 28th and 2gth (as Dr. Simſon ſays) 
for the ſake of two other problems, viz. Having 
given, either the ſum or the difference of the two 
hides of a right angled parallelogram, and its magni- 
tude, (that is, the fide of a ſquare equal to 11) to _ 
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the ſides of that parallelogram. Or, which is the ſame 
thing, Having given the ſum or difference of two 
ſtraight lines, and the mean proportional hetween 
them; to find the lines themſelves. Both theſe pro- 
blems have been ſolved algebraically, and conſtructed 
geometrically in the former part (par. 272 and 279): 
nor can we think theſe intricate propoſitions, relative 
to parallelograms, deficient and redundant, fo uſeful 
as Dr. Simſon repreſents them. 

138. PRoP. 30. In the 11th prop. of the ſecond 
book, we are taught * to divide a given ſtraight line 
into two parts, ſo that the rectangle contained by the 
whole and one of the parts (viz. the leſs part) ſhall be 
equal to the ſquare of the other part (viz. the greater 
part *).” In this propoſition we are taught to divide 
the ſame given ſtraight line into two parts, ſo that 
the whole line ſhall be to the greater part, as the 
ſame greater part 1s to the lels, or, as it is called in 
Def. 3. VI. El., to divide a given ſtraight line in ex- 
treme and mean ratio. Now, from the 17th of the VI. 
El. we learn, that when three ſtraight lines are thus 
proportionals, the rectangular figure contained by the 
extremes, is equal to the iquare figure deſcribed upon 
the mean; therefore this propoſition is in effect the 
ſame with the 11th of II. El. In that propoſition 
(11, II. El.) the whole relates to the agreement of one 
figure with another, taking figure in the ſenſe of de- 
finition 14. I. El. The problem is, how to make a 
certain rectangular figure there deſcribed, equal to a 
- ſquare, and the idea of ratio is never introduced. In 
this propoſition (30. VI. El.) the whole relates to the 

reement of certain ratios; and the problem is, how 
to divide the line ſo, that the ratio which the whole 
line bears to the greater part, may be equal to the 
ratio which the greater part bears to the lets; and the 
idea of figure (Def, 14. I. El.) never enters into the 


pro- 


For the rectangle under the whole, and the greater part, ex- 


ceeds the ſquare of the greater part; much more does it exceed 
the ſquare of the leſs part. 
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problem. It is true, this idea is introduced into the 
jolution; but it is immediately dropped, when by that 
means we have obtained the ratio which the ſides of 
thoſe figures (ſo introduced) bear to one another. 
And we cannot help thinking the ſolution would have 
been more natural, had it proceeded like the 13th of 
VI. El. and the idea of figure had never entered into 
it at all. The following ſolution from Mr, T. Simp- 
ſon is of this ſort. 


139. Let AB (fig. 11.) be the given line, make BC 
perpendicular to it (11,1. El.) and equal to = 4B; on 


the center C and with the radius CB, deſcribe a circle. 
Draw AGC H through the center C, cutting the circle 
in G and H. Take AE=AG, and the line AB is di- 
vided in E in extreme and mean ratio. | 

For AB being a tangent to the circle in B (16. III. 
El.) we have AHXAG=AP* (36. III. El.); whence 
AH: AB:: AB: AG(17. VI. El.“, whence by inver- 
ſion AB: AH:: AG: AB; and by converſion AB: 
AH—AB:: AG: AB-AG. Now AB=2BC=GH 
and AH—AB=AH—GH=AG=AE: allo AB—- AG 
—AB—AE=BE ; therefore AB: AE :: AE: BE; 
therefore AB is divided in E in extreme and mean 
ratio. 

SCHOLIUM. This conſtruction intirely agrees with 
that given by Euclid, prop. 11. II. EI. AB here an- 
ſwers to AB there; BC to AE, and AC to BE or EF, 
of courſe AG anſwers to AF and AE to AH; and the 
ſame method of calculation may be inferred trom this 
as from that conſtruction. 

140. PROP. 33. We ſhall demonſtrate the former 
part of this propoſition, in the ſame manner as the for- 


mer part of prop. 1. VI. El. was demonſtrated in par, 
132, and for the reaſon there given. 


Let BCKL and FMN be equal circles; let the 
angles at their centers be BGL and FHN: then as 
the circumference BL is to the circumference FN, fo 
is the angle BGL to the angle FHN. 


Theſe 
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Theſe circumferences being ſuppoſed commenſura- 
ble, let BC be their common meaſure; divide the cir- 
cumference B L by their common meaſure into the 
equal circumferences or parts BC, CK, KL. Alſo, 
divide the circumference FN, by the ſame common 
meaſure, into the parts FM, MN, equal to one an- 
other, and alſo to each of the parts of the circum- 
ference BL. From the center G, drawn lines to each 
of the points of diviſion in the circumference BL; 
that is, draw GC and GK, and the whole angle BGL 
will be divided into as many leſs angles, as there are 
parts in the circumference BZ. In like manner, from 
the center H, draw lines (HM) to each of the points 
of diviſion in the circumference FN, and the angle 
FHN alſo will be divided into as many leſs angles, as 
there are parts in the circumference FN, Now all 
theſe leis angles in each of the two ter ones are 
_ to one another, by 27. III. El.; therefore the 
whole angle BGL will be to the whole angle FHN, 
as the number of little angles that make up the for- 
mer, to the number of little angles that e up the 
latter; that is, as the number ot equal parts, or equal 
circumferences, which make up the former circum- 
ference, to the number of like parts which make up 
the latter; or as the whole of the former circum- 
ference BCKL is to the whole of the latter circum- 
ference FMN; therefore, as the circumference BL is 
to the circumference FN, ſo is the angle BGL to the 
angle FHN. 


Of the CoMPosITION and RESOLUTION of RATIOs. 


141. DEFINITION. If there be a ſeries of any 
quences of the ſame kind, as A,B, C, D, E, &c. 
then the ratio of the extremes is ſaid to be compound- 
ed of all the intermediate ratios; that is, the ratio of 
Ato E, is ſaid to be compounded of the ratios of 4 
to B, of to C, of CtoD, and of D to E, the con- 
ſequent of one ratio being the antecedent of the next. 
Sce Def. A. V. El. in Simſon. 

For 
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For an illuſtration of this definition ſee the latter 
part of Simſon's note on prop. 23. VI. El. beginning 
at page 322. — But no body, Oc. 

142. THEOREM. The ratio compounded of the 
ſeveral ratios of A to B, of C to D, and of Z to F, 
expreſſed in numbers, is that of Ax Cx E to BX DXF, 
or the product of the multiplication of all the ante- 
cedents, to the product of the multiplication of all 
the conſequents. 

For A:B:: ACE: BCE (15. V. El.) and C:D 
:: BCE: BDE; alſo E: F:: BDE: BDF. But in 
the ſeries of quantities ACE : BCE : BDE: BDF, 
the ratio of the extremes, ACE to BDF is com- 
pounded of all the ſeveral intermediate ratios by par. 
141, that is to ſay, (by 11. V. El.) of the ſeveral 
ratios of A to B, and C to D, and E to F. 

143. PROBLEM I. To reſolve the ratio of E to F 
(expreſſed in numbers) into two other ratios, whereof 
_— —  — ſuch as bein 
compounded with the given ratio of A to B, 
make the propoſed ratio of E to F. 

Let the ratio ſought be that of R to S; then by 
the conditions of the problem AR: BS :: E: F, there- 


fore by par. 131, ARF=BSE; whence R: S:: BE 


: AF; that is, the ratio ſought is that of BE to 
AXF. Hence 

RULE. Multiply the antecedent of the former 
given ratio (viz. that which is to be reſolved into two 
others) by the conſequent of the latter given ratio, 
tor the antecedent of the ratio ſought; and mul- 
tiply the conſequent of the former ratio, by the ante- 
cedent of the latter, for the conſequent of the ratio 
ſought. 

Example. Reſolve the ratio of 3 to 2 into two 
others, and let one of them be the ratio of 4 to 3; 
What is the other? Anſwer, That of 3X3 to 2X4, 
or the ratio of 9 to 8. | 

Proof. The ratio of 4 to 3, compounded with 
that of 9 to 8, makes the ratio of 49 to 3X8, or 
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that of 36 to 24, or that of 12 X to 12 2, or that 
of 3 to 2. 

144. PROB. 2. Two ratios (expreſſed in num- 
bers) being propoſed, to find two other ratios re- 
ſpectively equal to the former two, but having one 
common conſequent, 

RuLE. Multiply the terms of each ratio by the 
conſequent of the other, and you will have two ratios 
equal to the propoſed ratios, and having a common 
conſequent. | | 

Let the two propoſed ratios be that of 5 to 4, and 
7 to 3: then the former ratio is equivalent to that of 
5X3 to 4X2, and the latter is equivalent to 7X4 to 
3X4; that is, the two ratios ſought are that of 15 
to 12, and 28 to 12. 

That the latter ratios are reſpectively equal to the 
former, 9 from par. 131. cor. 6.: that they will 
have the ſame conſequent is evident; becauſe the 
2 of the multiplication of two numbers is the 
ame, which ever of the two is made the multiplier; 
ſo here 4K 3=3X4. 

145. When ratios have thus one common conſe- 
quent, we may then compare them as to magnitude; 
and here the latter ratio, viz. that of 28 to 12, is 
greater than the former, viz. that of 15 to 12, by 
prop. 8. V. El. 

146. When a greater quantity is compared with 
a leſs, the ratio reſulting therefrom is called a ratio 
majoris inequalitatis, When a leſs quantity is com- 
pared with a greater, this 1s called a ratio minoris in- 
Egqualitalis; and the common boundary between them 
is the ratio equalitatis. 

147. If a ratio majoris inæqualitatis be compound- 
ed with another ratio it increaſes that ratio; thus, it 
the ratio of 2 to i be compounded with that of 6 to 
1, it makes the ratio of 12 to1; and this is a greater 


ratio than that of 6 to 1. But if a ratio minoris in- 


æqualitatis be compounded with another ratio it di- 
miniſhes that ratio; thus, if the ratio of 1 to 2 be 


com- 
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compounded with that of 6 to t, it makes the ratio 
of 6 to 2, or of 3 to 1; and this is a leſs ratio than 
that of 6 to x, If the ratio æqualitatis be com- 

unded with another ratio it neither increaſes nor 
diminiſhes that ratio; thus, if the ratio of 3 to 3 be 
compounded with that of 6 to 1, it makes the ratio 
of 18 to 3, orof 6 to 1, as before. 

148. There is therefore an analogy between the effects 
of theſe ratios in compoſition and the effects of poſi- 
tive and negative quantities, in what we called the 


algebraical incorporation of quantities. Hence, ratios 


majoris inæqualitatis have been ſtyled affirmative ra- 
tios, and ratios minoris inzqualitatis, negative ratios. 
And as the incorporation of quantities in algebra is 
called their addition, ſo the compoſition of ratios is 
ſometimes called the addition of ratios, 

149. The analogy is carried on ſtill further; the buſi- 
neſs of algebraic ſubtraction is to find ſuch a quan- 
tity, as being algebraically added to the ſecond of 

two propoſed quantities, will produce the firſt; and 
the buſineſs of the problem in par. 143. is to find 
ſuch a ratio, as being compounded with the latter of 
two propoſed ratios, or that of A to B, ſhall produce 
the former, or that of E to F. And therefore thoſe 
who call the compoſition of ratios, the addition of 
ratios z will ſay, that the problem there propoſed is 
this; To ſubtraf? the given ratio of A to B from 
«the given ratio of E to F;” and that, as in algebra 
we are to change the ſign of the ſubtrahend, and 
then add it to the firſt quantity; ſo here, we are to 
invert the terms of the ratio to be ſubtracted, and 


then compound it with the former ratio. Thus, to 


ſubtract the ratio of A to B, from the ratio of E to F; 
invert the terms of the ſubtrahend, and its becomes 
the ratio of B to A; compound (or add) this to the 


ratio of E to F, and its makes the ratio of BXE to 


AXF, conſonant to what was ſhown in par. 143. 
And in this way it may be ſaid, that the difference of 
N 2 the 
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the two propoſed ratios, is the ratio of BXE to 
AX F. | 

150. Multiplication is only a repeated addition of 
the ſame quantity. Therefore, if the compoſition of 
two ratios, be called their addition; the repeated 
compoſition of the ſame ratio muſt be called, the 
multiplication of that ratio; the multiplier ſignifying 
how many times it is ſo compounded. Thus, the 
ratio of A to B (expreſſed in numbers) it compounded 
with itſelf (that is, with the ratio of A to B) makes 
the ratio of AXA to BXB, or A* to B*; therefore 
the doubled, or duplicate ratio of A to B, is that which 
the ſquare of A has to the ſquare of B. In like man- 
ner, the triplicate ratio of A to B, is that which A 
has to B*. And in general, if the ratio of A to B, be 
compounded with itſelf 2 times, it makes the ratio of 
A*® to F. In other words, if the ratio of A to B be 
taken x times, or be mulliplied by u, it makes the ra- 
tio of A4“ . F. " 1 8 j 

151. And to keep up the analogy, the nth part o 
the ratio of 4“ to F, 15 the ratio of A to B; = we 
may ſay, the ratio of A4 to B, divided by the number 
u, gives the ratio of A to B. And ſo in the ſame way, 
the half of the ratio of A to B, is that f VA to; 
or, which is a more common form of ſpeaking, the 
ſubduplicate ratio of A to B, is that which the ſquare 
root of A has to the ſquare root of B. 


Of the Newtonian definition of the word As. 


152. No expreſſion occurs ſo frequently in books 
of philoſophy as this, The quantity A is directly as 
the 


There are who ſay, there is much more in this than mere 
That ratios are quantities /i generis ; that is, have a 
nature of their own; and are by that nature, as capable of ad- 
dition, ſubtraction, &c. as either numbers or lines. Dr. Simſon 


in his note on 23. VI. El. has ſhown, that Euclid does not fo 
conſider the matter. | 
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the quantity B; or A is as B.“ Newton has a ſcho- 
lium purpoſely to explain this uſe of the word as, 
which we ſhall now enlarge upon, and illuſtrate by 
examples. 

153. DEFINITION 1. Let there be two quantities 
(either of the ſame or different kinds) but each of 
them variable; then if theſe two quantities are ſo 
connected that one of them cannot be increaſed or di- 
miniſhed, but the other muſt alſo be increaſed or di- 
miniſhed in the ſame ratio, then one of theſe quanti- 
ties is ſaid to be directly as the other; or ſimply as the 
other. Thus, if a ſum of money 1s to be divided 
equally among a certain number of men, then each 
man's ſhare is as the whole ſum to be divided. For 
that whole ſum cannot be doubled, tripled, halved, 
&c. but each man's ſhare will of neceſſity be alſo 
doubled, tripled, halved, &c. that is, changed in the 
ſame proportion. And in general, let A and B be 
two variable quantities; let A be changed into a, and 
in conlequence thereof, let B be changed into 5. If 
A is to a, in all caſes, as B is to6, then is A ſaid to be 
45 B direftly. | 

Here ic muſt be obſerved, that though two quanti- 
ties only, A and B, are ſpoken of, yet four propor- 
tionals are always implied, to wit, that A: 4:: 5 5. 

154. If A is as B, and B is as C, (in this ſenſe) 
then A is as C. Let the little letters repreſent the 
cotemporary changes of theſe variable quantities; then 
A: :: 3:6 by the hypotheſis, and B: 5: : C: c b 
the hypotheſis alſo; therefore 4: 4:: C: c, by 11. V 
El. but if A is to a, in all caſes, as C to c, then A is 
as C by the definition. 

155. In general all the properties of proportional 


numbers in par, 131, may be applied here alſo, Thus, 


if A is as B, and n be any given number; then A is 
as nB : for if A is as B, then is A:a::B:b, but by 
par. 131. cor. 6. (or 15. V. El.) B: 3 :: 25: nb; 
therefore 1: a::nB: nb. So if A is as B, then is 4 

N 3 En as 
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as 20 B. Thus, in the inſtance before given, if the 
whole number of pounds to be divided, be doubled, 
tripled, &c.; then not only the number of pounds in 
each man's ſhare, will be double, triple, what 
(the number of pounds) were before; but alſo the 
number of ſhillings in each man's ſhare will be dou- 
ble, triple, &c. what they (the number of ſhillings) 
were before. And thus the number of pounds to be 
divided, will be as the number of ſhillings in each 
man's ſhare; or A as 20B. 

For a like reaſon, B is as 20B; that is, however 
the number of pounds in any man's ſhare may 4 
the number of ſhillings in his ſhare will vary alſo; and 
in the very ſame proportion. 

156. If a quantity A is ſo connected with two 
others B and C, that when B alone is changed to 5, 
the quantity A muſt be changed in the ſame propor- 
tion; and when C alone is changed to c, A muſt be 
changed in the ſame proportion; and if when both B 
and C are thus changed, A is cha to @; then will 
A be to @ in a ratio compounded of the two ratios of 
B to h and of C to c, or, by par. 142, A will be to 4 
in the ratio of BXC to xc. For ſince B:b:: A: 


Ss, it follows, that by the change of B to ö, A be- 


B 
comes 2 but this quantity is further changed by 


the change of C, and that in the ratio of C to c; there- 


„„ 
fore C: c:: —— Fre which is Za, the final 


value of 4. From that equation we have AXbXc= 
8X BXC, and A: a:: BXC: bXc, that is, A is to a, 
in a ratio compounded of the ratios of B to & and of 
C to c, by par. 142. 

In ſuch a caſe A is ſaid to be as B and C, jointly ; 
or A is ſaid to be as B directly and C directly; or as 
BC. All which is often expreſſed thus: when 2 
is given, then A is as B, and when B is given, A is 

2s 
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as C; therefore when neither are given, A is as B and 
as C jointly *.“ 

157. In the very ſame way, if A is as ̃ directly, as 
C directly, and alſo as E directly; then A is as BXC 
XE. 

Example. 6coF. is placed out to intereſt at 4 per 
cent. and fix years intereſt is due. Alſo goof. is 
placed out to intereſt at 5 per cent. and ſeven years 
intereſt is due. What proportion does the intereſt 
due in one caſe, bear to the intereſt due in the other? 
It muſt be premiſed, that if we ſuppoſe the rate of in- 
tereſt and the time to remain the ſame, and the prin- 
cipal only to vary; then the amount of intereſt due, 
will be directly as the principal. In like manner, 
this amount will be (ceteris paribus, as it is called) 
directly as the rate of intereſt. It will alſo be, ceteris 
paribus, directly as the time the money has lain at in- 
tereſt ; therefore, by what has been ſaid, the propor- 
tion ſought is that of boox4X6 to 400X 5X7, or 
6X4X6 to 4X 5X7, or 6X6 to 5X7, or as 36 to 35. 

All this will appear by computing the real intereſt 
due; for that in the former caſe is 144 /. in the latter 
140. ; but 144: 140:: 36: 35. 

158. A. DEFINITION 2. The RECIPROCAL of 
any number or quantity (arithmerically expreſſed) is 
unity divided by that quantity; or it is a fraction whoſe 
numerator is one, and denominator that quantity. 


Thus, the teciprocal of 10 is 15 , the reciprocal of D 


is 5 Thus alſo - and 5 are reciprocal fractions. 
158. B. DEFINITION 3. One ratio is ſaid to be 
the inverſe or reciprocal of another, when the antecedent 
of the former is to its conſequent, as the conſequent 
of the latter is to its antecedent. Thus, the ratio of 


3 to 

* By given quantities is y meant leu quantities 

But ink i Ko variable quantities, by given is often meant 
av or conflant quantities. 
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4, is the reciprocal of 4 to 3, or the reciprocal 
to 6. And in general, the inverſe ratio of D to 
is the direct ratio of d to D, or the direct ratio of 


5 has 7 (for 4: P.: 5. ) or the direct ratio of the 


reciprocals of D and d. 

159. DEFINITION 4. Let there be two quanti- 
ties, each of them variable, but ſo connected, that one 
of them cannot be increaſed, but the other muſt be 
diminiſhed, and that in the fame ratio in which the 
former was increaſed: and contrariwiſe; in whatever 
ratio the former 1s diminiſhed, muſt the latter be in- 
creaſed; then theſe two quantities are ſaid to be in- 
ver ſely or reciprocally as one another. Thus, if a cer- 
tain ſum of money is to be divided equally among a 
number of men; if we ſu the number of men to 
vary, then each man's ſhare will be inverſely as the 
number of men. The number of men cannot be 
doubled, tripled, halved, &c. but each man's ſhare 
will of 2 halved, be one third, or double of 
what it was before; that is, in the contrary 
or inverſe proportion to that of the number of men. 

And in general], let A and D be two variable quan- 
tities; let A be changed into a, and in conſequence 
thereof, let D be changed into d: if A is to a, in all 


caſes, as d to P, or as 5, to , then is A ſaid to be as 


D inverſely. 

160. If A is directly as B, and B is inverſely as D; 
then A is inverſely as D: for 4: 4:: B: ] and 3:3 
: 4: D, therefore A: a:: 4: Dj that is, inverſely as 


D to d. 
reciprocally as D, and D 


In like manner, if A be 
reciprocally as E, then A is directly as E. In a like 
way may the other properties of proportional num- 
bers be applied here. The little letters repreſenting, 
as before, the cotemporary values of the quantities re- 
preſented by the great letters. th 
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161. If a quantity A is ſo connected with two others 


B and D, that when B alone is chan to 3, then 
A muſt be changed in the ſame direct proportion; 
and when D alone is changed to d, then A muſt be 
changed in the fame proportion, but inverſely : and 
it when both Band D are c A becomes a; 
then will A be to à in a ratio compounded of the di - 
rect ratio of B to 6, and the inverſe ratio of D to d. 


For ſince B:b:: A: ©, & becomes in conſe- 


| | 

quence of the change of B alone. But this quantity 
is further changed by the change of D, and that in 
the inverſe ratio of D to d, or in the direct ratio of 
d to D; therefore 4: D :: : , which is 
=. From that equation we have AXDXb=BXs 
X4, and A: a:: BXd: bXD; that is, A is toaina 
ratio compounded of the direct ratio of B to b, and of 
the inverſe ratio of D to d, by par. 142. 
In ſuch a caſe, A is ſaid to be as B directly, and as 
D in Or it is ſaid, that when D is given, 4 
is directly as B, and when B is given, A is inverſcly as 
D; therefore when neither are given, A is directly as 
B, and inverſely as D. 

162. In like manner, if A is directly as B, directly 
as C, and directly as E, alſo inverſely as D and in- 
verſely as F; then is A to a, as BX CXEXAM to 


BXCXE bXcXe f 
bXcXeXDXF, or as DNF to N And in 


ſuch a caſe, A is ſaid to be as the fraction ==; 


that is, ſuppoſing all theſe quantities variable, as be- 
fore, the value of A at one time, is. to the value of 
A at another, (or A to @) as the value of that fraction 
in the former caſe, to the value of that fraction in the 
163. We may heace alſo find the proportion of 
any other of theſe varying quantities; for inſtance 
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. BXCXE , #XeXe 
Multiply antecedents by D and = 4 by d (fee 


BxCXE bXcXe 


par. 13 1. cor. 6.) and A D: aXd:: 7 7 


whence D: d:: n e bXeXe All which is com- 

. A 1s as 
BxXCXE 

, therefore A D is aa, and D is as 


164. Example. Let P be the principal ſum put 
out to intereſt, Pai} I oo by Fan 
continues at intereſt, A the amount of the intereſt in 
that time. Then it is evident, from what has been 
W LY TIT whence, arguing as be- 


fore, R is as F Suppoſe then the ſum of 600/. 


continues out at intereſt 6 years, and the intereſt in 
that time amounts to 1444. Suppole allo that the 
ſum of 400. continues out at intereſt for 7 years, 
and the intereſt in that time amounts to 140. „What 

ion does the rate of intereſt in the former caſe 
to the rate of intereſt in the latter? 


140 
Anſwer, that of 658th to Sexy or that of 144 


X 400X7 to 140 GO 6, or 9 of 144X4X7 to 
140X6X6, or that of 4X4X7 to 140, or that of 


4X28 to 140, or 4 10 F, or that of 4 to 5. So 


that if the former ſum was out at 4 per cent. the lat- 
ter was out at 5 per cent. 


165. Becauſe R is as =, if the time be the ſame 


in the two caſes (or given) then R will be as 4, or di 
| | 
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rectly as the intereſt due, and inverſely as the princi- 
pu for when the time is the ſame, Tit. Thus, 

t the annual intereſt of 600F. be 244. In another 
caſe, let the annual intereſt of 400. be 200. What 
is the proportion of their rate of intereſt? Anſwer, 


that of 568 to 40 or g to C. or 410 5. 


166, Further: When 7 is given, R is as f. Let 


now A be as P; that is, let A have always the ſame 


ratio to P. fo that 4: P:: 6:5, chen Pg, that is, 


although changes to a, and P to p, yet 7, is always 
the ſame, os a given quantity: In this caſe R which 
is as 5; will be an invariable quantity. We need not 


an example to illuſtrate this. It is evident, that if 
the annual intereſt has always the ſame proportion to 
the principal; the rate of intereſt is always the ſame, 
whatever that rate may be. | 

167. Once more; Let P be given, then A is as 
RXT; let A be given alſo, then R is inverſely as T: 
for firſt, : a:: RXT: Xx. But, ſecondly, A is 
ſuppoſed invariable, therefore Aga, and RxT=rxt; 
that is, R:7::#:T, or R is inverſely as T: that is, if 
both principal and intereſt be the ſame, but the rate 
and time differ; then the leſs the rate, the longer is 
the time the money 
and contrariwiſe. 

168. Theſe caſes may be varied without end: what 
has been ſaid is ſufficient to explain Newton's ſcho- 
lium to Lemma X. Book I. of his Principia; which is 


all that we propoſed, 
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Conſiſting of propoſitions here ſubjoined, either for 
their uſefulneſs, or the peculiar manner of their 
demonſtration. 


169. PRoP. 1. THEOREM. If a right line T4 
(fig. 12, 13, 14.) touch a circle in the point A, and 
from the point of contact there be drawn the two 
chords AB and AC, and from the extremity of one of 
them, AC, there be drawn a line CD, parallel to the 
tangent TA, and meeting the other chord (produced 
if need be) in D. Then will the chord AC be a mean 
proportional between the other chord AB, and the ad- 
jacent ſegment AD; that is, AC*=AB x FD. 

Join BC, and in the triangles ACB and ADC, the 
angle ACB=TAD*=ADC?®, and the angle BAC is 
common; therefore the triangles ACB and ADC are 
equiangular, and AB: AC:: AC: AD*F, therefore 

AC*=ABx AD®. 

170. Cor. If AB (fig. 14.) be a diameter, then 
will the triangle ACB be right angled at Ce, and the 
line CD will be a perpendicular let down from the 
right angle to the hypothenuſe . Therefore in any 
right angled triangle, if a perpendicular be let down 
from the right angle to the hypothenuſe, either leg 
will be a mean proportional between the whole hypo- 
thenuſe and the adjacent ſegment of the hypothenuſe, 
which is prop. 8. VI. El. de 

171. PRoP. 2. THEOREM. If through any gone 
P (fig. 16, 17.) either within a circle (caſe 1 12 
without a circle (caſe ad) two lines be drawn, ſo as 
to cut the circle in the points A, B, C, D. I ſay 
then, that the rectangle under the parts of each line 

cut 


* 32, El. III. 29. El. I. © 4. El. VI. 4 17. El. VI. 
* 31. El. III. 118. El. III. 
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cut off by the circle are equal; that is, PA PB. 
PCx PD. 

Join the points AD and CB where the two lines 
cut the circle, and we ſhall have two triangles APD 
and CPB, whoſe ſides are the parts cut off by the 
circle. Naw the angles BAD and BCD, ſtanding on 
the ſame arch BD are equal*; and the angles ABC 
and ADC, ſtanding on the ſame arch AC, are alſo 
equal *: therefore the triangles APD and CPB are 
equiangular, and PA: PD :: PC: PB and PAXPB 
=PCxPDe. 

172. Cox. 1. In caſe iſt, let AB (fig. 15.) be a 
diameter, and CD perpendicular to it, will CD 
be biſected by the diameter in P*, and PC=PD, 
therefore PAx PB=PC**; that is, the perpendicular 


let fall from any point of a circle on the diameter, is 
between the ſegments of the dia- 


a mean pr 
meter. Moreover, join AC and BC, and the tri 
ACB will be right angled at C*; and AB the hypo- 
thenuſe, PC a perpendicular let down from the right 


angle on the hypothenuſe, which is therefore a mean 


ional between the ſegments of the hypothenuſe. 


173. CoR, 2. In caſe 2d (fig. 16.) where the point 


P is without the circle, let one of the lines, as PDC, 
be conceived to turn round the point P, fo as to come 


into the poſition of the line PS, which through 


P and touches the circle in S. During this motion the 
two points of interſection C and D will approach each 
other, and finally coincide in S. The two parts PC 
and PD cut off by the circle, will approximate to an 


equality, and will finally become equal to one another, 
gent PS; and the rectangle PCx PD will 


and to the tan 


finally become equal to P&: that is, the rectangle 
under the two ſegments PA and PB is equal to the 
ſquare of the tangent PS. See 37. III. El. 

174. SCHOLIUM. This theorem includes in it the 
35th, 36th and 37th of the 3d book, and the 8th ot 


che 


A 27. EL III. b El. VI, C 16. El. VI. 4 LO El. III. 
* . EL VI. f 31. El. III. 
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the 6th book, with its corollary; and the demonſtra- 
tion 1s far ſhorter and eaſier than any of theſe, but ir 
could not be given before; becauſe it depends on the 
4th of the 6th book. Nor could this propoſition have 
been underſtood, much leſs demonſtrated, till the na- 
rure of proportion had been explained, and its 
— emonſtrated; which is the ſuhject of the 5th 
k. We ſhall give another inſtance how far pro- 
poſitions may be generalized, (that is, made to com- 
prehend a number of thoſe we find in Euclid) and yer 
their demonſtration rendered clear and eaſy, by the 
help of this moſt uſeful truth, that equiangular trian- 
gies have their homologous, or their correſponding 
proportional. See 4. VI. El. 
175. PROP. 3. THEOREM. In any triangle ACB 
(fg- 19, 20.) let a icular from the vertex C 
on the baſe (produced if need he) in D, dividing 
the baſe (produced if need be) into two nts DA 
and DB. I fay, that the rectangle under the ſum and 
difference of the ſides of the triangle is equal to the 
le under the ſum and difference of the ſeg- 
ments of the baſe; that is, AC+CBX AC—CB— 
AD+DBx AD—DFB. 

With the center C and radius CB = the ſhorter ſide 
deſcribe a circle, cutting the longer fide, produced in 
G and H; alſo cutting the baſe (produced if need be) 
in E and B: then (becauſe CG and CH are equal to 
CB) AH (= AC+CH=Z=AC+CB), is the ſum, and 
AG (= AC-CG=Z=AC—CB) is the difference of the 


fides AC and CB. Again, becauſe DB and DE are 


equal (3. III. El.) then in caſe 1ſt (fig. 19.) AB is the 
fum of AD and DB, and AE(=AD—DE= AD— DB) 
is the difference of AD and DB, the ſegments of the 
baſe. In caſe ad (fig. 20.) where the perpendicular falls 
da the baſe produced, AE({ =AD+DE=AD+DB) 
à the ſum of the ſegments of the baſe (produced) and 
AB (= AD—DB) is the difference of the ſegments of 
the baſe (produced); but AH AO ABXAE by = 
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laſt par. therefore the under the ſum and 

difference of the ſides of any triangle is equal to the 
le under the ſum and difference of the ſegments 

of the or of the baſe produced. 

176. Cor. 1. Hence if the two ſides and Baſe 


rr the 
77 85 t 


ts of the baſe may be found: for the baſe it- 
ſelf is the ſum of thoſe ſegments in the firſt caſe, and 
their difference in the ſecond. Therefore by this pro- 
poſition it will be, As the baſe is to the ſum of the 
lides, ſo is 188 of the ſides to the 
difference, in caſe 1 
ſum, in caſe ad $f the ſegments of the baſe. 
And in either caſe, the ſemi-ſum of the baſe and the 
fourth p ional ſo found, will be the = ſeg- 
ment; their ſemi-difference, will be the leſs ſeg. 
ment: ſee par. 215. in the introduction to Algebra. 
177. CoR. 2. Becauſe DB=DE and BE=2BD, 


therefore ABX AE(= ABX ABFBE) = AB x 
ABF2BD=AB F2ABxXBD. Hence AC+CBx 


AC—CB=AB*F2ABXBD; that is, the rectangle 
under the ſum and difference of the ſides of the trian- 


gle, is equal to the ſquare of the baſe} leſs in caſe 1ſt ! 


by a double 
leſs 


more in caſe ad 
rectangle under the whole baſe and the 
ſegment BD. | 
178. Cor. 3. When the angle ABC is a right 
angle (fig. 21.) the E B and D coincide, the line 
BD vaniſhes, and circle touches the baſe in B; 
therefore, in a right angled triangle, the rectangle un- 
der the ſum and difference of the hypothenuſe and one 
of the legs, is equal to the ſquare of the other leg. 
Cor. 4. By the 2d cor. CTC BIT IU 
AB*F2ABXBD; but AC+CBx AC=TCB=AC'— 
C', therefore AC*—BC*=AB*F2 ABX BD, and 
(tranſpoſing BC) AC*= AB*+ BC*F2 AB x BD; 
that is, the ſquare of the ſide 40 ſubtending the 
Acute 
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acute , iſt, is leſs | 
anon {angle ABC in caſe 2d, is greater | chan the 
ſum of the ſquares of the other two ſides by a dou- 


„ 
ment BD. 

179: yoo? When the angle ABC is a right an- 
gle, 2 


D vaniſhes, and the ſquare of the ſide AC ſub- 
tending the right angle, is exactly equal to the ſum 
of the ſquares of the other two ſides. 

180. SCHOLIUM. This theorem and its corolla- 
ries, comprehends the 47th of the iſt book, and the 
z2th and 13th of the 2d book of the Elements of Eu- 
clid. We have here divided this 4th corollary into 
two Caſes; one where the angle ABC is acute, the other 
where it is obtuſe: both caſes may be conſidered un- 
der one and the ſame idea, The point B is 
conſidered as the origin of the line BD, if the line 
BD is conſidered as affirmative when it lies on the 
fame ſide of B with the point 4; then it muſt be 
conſidered as ive when it lies on the contrary fide. 
If then 2ABXx BD is to be ſubtracted (by the theorem 
deduced as in corollary 4th) in the former caſe, it 
muſt be added in the latter: for now BD being ne- 
gative, —=2ABxX —BD becomes +2ABXxBD, by the 
rules of algebra. Again, if BD is conſidered as affir- 
mati ve, when it lies on the contrary ſide of B to the 
point A, the angle ABC being obtuſe ; then the theo- 
rem in corollary 4th would give us AC*= AB*+-BC* 
+2ABXBD; and this in the other caſe, when BD 
becomes negative (the angle ABC being acute) will be 
AC*=AB*+BC*—2ABXBD, as before. 

181, PROP. 4. THEOREM. A line drawn from 
the vertex of any triangle to the baſe, cuts every line 

allel to the baſe, in the ſame proportion with the 
baſe itſelf, 

Let ABC (fig. 23.) be the triangle, BC the baſe, 
EF a line parallel to the baſe, ADM a line drawn 
from the vertex A, cutting EF in D, and the baſe 


in M. The ſegments of the line EF have the fame 
* pro- 
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ion to each other, as the ſegments of the baſe; 


that is, DE: DF:: MB: MC. 

The angles AED and ABM are equal*, and the 
angle E AD common to the two triangles AZD and 
ABM. therefore they are equiangular. For a like rea- 
ſon, the triangles ADF and AMC are alſo equiangular z 
therefore AD : AM:: DE: M: alſo 

AD: AM:: DF: MC; therefore 
DE: MB:: DF: MC, and alternately * 
DE: DF:: MB: MC. 

CoR. If the line AM biſects the baſe, it will biſe& 
every line parallel to the baſe. 

182. PROP. 5. THEOREM. In any radius OC of 
a circle (fig. 22.) whoſe center is O, let the point B 
be taken ar pleaſure, and let another point A be taken 
in that radius produced, fo that OA be a third pro- 
portional to OB and OC, or that OB, OC, OA be in 
continual proportion. I ſay, that if from the points 
A and B, two lines AP and BP be drawn to any 
you! P in the circumference, then will the variable 

ines AP and BP always be to each other as the con- 
ſtant lines OC and OB; that is, AP: BP:: OC: OB®. 

Draw the radius OP, and we ſhall have two trian- 
gles BOP and AOP, having the angle at O common. 
But by the hypotheſis OB: OC :: OC: OA, or becauſe 
OC=OP, we have OB: OP:: OP: OA, that is, the 
ſides of thole triangles about the common angle are 
proportional, ore the triangles BOP and NOR 
are equiangular*, and their other ſides proportional * 
that is AP: AO:: BP: PO, and alternately AP is to 
BP as AO (or OA) to PO=OC, but as OA to OC, fo 
is OC to ou by the hypotheſis; therefore AP: BP 
:: OC: O35. 


183. Cox. 


29. El. I. » 4. El. vI. 11. El. v. 4 16. El. v. 


® The lines AP and BP are called variable, becauſe they vary 
their length, when the place of the point P varies; but OC and 
OB are called conſtant, becauſe they are conſtantly the ſame, 
whatever be the place of the point P. 


* 6, El. VI. 4. El. VI. 311. El. V. 
© | 
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183. CoR. 1. Hence the locus of all the points P, 
from whence lines drawn to two given points A and 
B, ſhall have a given ratio, is the circumference of a 
circle. 

184. CoR. 2. Suppoſe the point P to remove 
into the point C, then AP becomes AC, and BP be- 
comes BC, and the proportion before found, viz. 
AP: BP::CO: BO, becomes AC: CB:: CO: BO. 
Hence if a given line AB be divided in the point C, 
ſo that ACis toCB in a given ratio, and it be required 
to find the locus of all thoſe points, from which lines 
drawn to the points A and B ſhall have that given ra- 
tio; then on the points C and B erect the perpendi- 
culars Ca and Bc, and take Ca=CA and Bc=BC, 
and through the points à and c draw acO, cuttin 
AB produced in O; and O ſhall be the center, _ 
OC the radius of the circle required. For CO: BO 
:: Ca: Bc (4. VI. El.) or as AC to BC; therefore the 
point O is rightly found. 

188. CoR. 3. Produce the radius CO till it again 
cut the circle in D, ſo that CD is a diameter; then, if 
we ſuppoſe the point P to remove into D, we ſhall 
have AP=AD, and BP=BD and AD: BD:: 
CO : BO. 

- _ ScKroLIuUM. From this general principle, That 

AC is to BC, or AD to BD, as CO to BO, or as 
AO to CO (by the hypotheſis), we may infer a va- 


riety of analogies; the moſt uſeful of which are as 
follows. 
: „ L8C: CO 
AC:: AB: AD 
AC: CO 
AC—BC: 5 BC:: 148: BD 
BC: BO 
CAC: AD 
AB:: 186. BD. 


To what has been here laid down we may * 
the propoſitions B, C, and D in Simſon. we 
. 186. CoR, 
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186. CoR. to PRoP. B. It appears in the courſe of 
the demonſtration, that if a circle be circumſcribed 
about any triangle ABC, and a chord AZ be drawn 
ſo as to biſect the vertical angle, then will the rectan- 
gle under the ſides of the ſides of the triangle, equal 
the rectangle under the chord, and its ſegment inter- 
cepted between the vertex and the baſe. For it ap- 
peared, that the rectangle BAx ACZEAX AD. 


"7 7 OG 8 > © 


A xorg on par. 36. page 149. 


A coROLLARY is ſome truth obtained in conſequence of the 
demonſtration of a propoſition, over and above the propoſition 


itſelf. Such truths for the moſt part follow ſo evidently, as not to 
require a formal proof. 


A vort on par. 59. page 156. 
The corollary to prop. 45. I. El. is not Euclid's, but his 


tranſlator Commandine's. The latter -» Sat 
ping, &c. is Dr. Simſon s. part beginning — by ap- 


0 2 THE 


— 4 2 


3 


A — ce — en Hoc —— ITO =_ — = — 2 F= 


T — wa IF. 
- 


= * - — 
= ck — —ää—— ̃ —— — R — — - — 
= 


-—— — 
„ .* 


— 
1 


- 


— 


—— 
> = © _ « - of 
' r 1 <* . 1 SS 4 - 1 
1 2 n 1 
— — 2 — — — - 5 = 


r 


THE 
E LEME NT 8 


PLANE TRIGONOME TRY. 


MDCCLXXXIV, 


- 
- - — 8 - 
—— - — > — * 
. 
— — — —— — K 2 * 
- 


25 " — 
- - — 2 22 — —— — 


OE 2 — KK — 


. 

Plane Trigonometry has been treated of ſo largely, 
and by ſo many writers, that nothing new can be ex- 

&ed in the elementary * All that is here done, 
is to ſelect ſuch propoſitions, as may probably be 
wanted in the uſual courſe of academical ſtudies; eſ- 
pecially Aſtronomy and natural Philoſophy. The 
author has taken the liberty that moſt others on this 
ſubject have done; that of borrowing demonſtrations, 
— even altering them, when he thought they could 
be improved. 


PLANE TRIGONOMETRY. 


1. D TRIGONOMETRY is ſometimes meant a part 
of Geometry, ſhewing the relation of certain 
lines, inſcribed in and circumicribed about a circle. In 
this ſenſe it is to be underſtood in what now follows. 
2. LEMMA I. fig. 1. (from Dr. Simſon). Let ACB 
be a rectilinear angle: if about the point C as a cen- 
ter, and at any diſtance CA, a circle be deſcribed, 
meeting CA and CB (the ſtraight lines including the 
angle AC) in A and B; the angle ACB will be to 
four right angles, as the arch AB to the whole cir- 
cumference. 

Produce AC till it meet the circle again in D, and 
through C draw HL perpendicular to AC, meeting 
the circle in Hand L. By 33. VI. El. the angle ACB 
is to a right angle ACA, as the arch AB to the arch 
AH*; and quadrupling the conſequents, the angle 
ACB will be co four right angles, as the arch AB to 
tour times the arch AH, or to the whole circum- 
ference, by 26. III. El. 

3. LEMMA 2. fig. 2. (from Dr. Simſon). Let ACB 
be a plane recti. inear angle, as before; about C as a 
center, with any two diſtances Ca and CA, let two cir- 
cles be deſcribed, meeting CA and CB in a, b, A, B; 
the arch AB will be to the whole circumference of 
which it is an arch, as the arch ab is to the whole 
circumterence of which it is an arch. 


By lemma 1. the arch AB is to the whole circum- 


ference of which it an arch, as the angle ACB is to 
four 


Any part of the circumference of a circle, as 4B or AH, is 
called an arch. 
94 
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four right angles; and by the ſame lemma, the arch ab 
is to the whole circumference of which it is an arch, 
as the angle ACB is to four right angles; therefore 
the arch AB is to the whole circumference of which 
It is an arch, as the arch ab is to the whole circum- 
ference of which it is an arch. 

4. CoR. 1. Hence, if the circumferences of any 
two circles be each divided into the ſame number of 
equal parts, whatever number of thoſe parts is con- 
tained in any arch AB of one circle ſubtending a 
given angle ACB; the ſame number of parts will be 
contained in the arch 45 of the other circle ſubtend 
ing the ſame angle ACB, 

5. CoR. 2. Hence, if a circle of any radius at- 
ever, be divided into 360 equal parts, called degrees; 
each degree into 60 equal parts, called minutes; each 
minute into 60 equal parts, called ſeconds, &c. the 
number of degrees, minutes and ſeconds, intercepted 
by two radii CA and CB, will be a proper meaſure of 
the angle ACB: for the number of degrees, minutes, 
&c. ſo intercepted, will be to 360 degrees, as the an- 

le ACB is to four right angles; therefore the num- 

r of degrees, minutes, &c. jo intercepted, will be to 
the number of degrees, minutes, &c. intercepted by 
any other two radii, as the magnitude of the former 
angle to the magnitude of the Jatter, And this is the 
E meaning of a meaſure. One quantity is ſaid to 

a meaſure ot another, when the meaſure in one caſe 
is to the meaſure in any other, as the magnitude of 
the quantity to be meaſured in the former caſe is to 
the magnitude of that quantity in the latter. 

6. The whole circle then conſiſting of 350 degrees; 
a right angle will be go degrees, two right angles will 
be 180 degrees, half a right angle 45 degrees, each ot 
the angles of an equilateral triangle will be 60 degrees. 

The magnitude or quantity of any angle is noted 


thus; 21: 16: 45, or thus, 21* ; 16“: 45”. 
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7. With the center C (fig. 4.) and radius CA deſcribe 
a circle; produce AC till it meet the circle again in 
D, ſo that AD may be a diameter. Draw HL a dia- 
meter perpendicular to AC. Theſe two diamgters 
will divide the circumference into four equal arches, 
called quadrants, each arch containing 9o degrees (by 
the laſt); draw : AT touching the circle in A: laſtly, 
draw the radius CB, and produce it till it meet the 
line A in T. 

8. DEF. 1. The difference of any arch from a 
22 or of any angle from go degrees, is called 
the complement of that arch or angle. The like dif- 
ference from a ſemicircle, or 180 degrees, is called the 
ſupplement. Thus, let the arch AB be reckoned from 
A as its beginning*, then HB is the complement of 
AB; the angle HCB the complement of AC; alſo 
the arch DHB is the ſupplement of AB, and the an- 
gle DCB the ſupplement of ACB. 

9. DEF. 2. The chord of any arch, is a right line 
drawn from one extremity of the arch to the other. 
Let the points B and E be in the circle; join B and E, 
and the right line BE is the chord of the arch BAE, 
or of the angle BCE of which that arch 1s the meaſure. 

10. DEF. 3. The fine or right fine of any arch, is 
a right line drawn from the end of the arch perpen- 
dicular to a diameter, 2 through the beginning 
of the arch. From B let 
AD, and BF is the ſine of the arch AB, or of the an- 
gle AC B. Again; let AB H be the ſupplement of 
AB; draw the radius Ch, and produce it till it meets 
the circle in E, and the line TA in i; laſtly, let down 
bf and EF perpendicular to the diameter AD, and bf 

is 

* A geometrical circle has no beginning. But in the applica» 
tion ly, to moſt badi —ͤ— eſpecially it is 
neceſſary to fix upon ſome poiat as a beginning, from whence all 


arches are to be computed. Thus, the degrees on the equator and 
ecliptic are reckoned from one of the equinoctial points. 


down BF perpendicular to 


Fo 1 2 6 
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is the ſine of the arch AB Hb, or of the angle AC, 
and EF is the ſine of the arch 435. DL E, or of the 
angle which it meaſures. , 

11. DEF. 4. The verſed fine, is that part of the 
diameter paſſing through the beginning of the arch, 
which is intercepted between the beginning of the arch 
and,. the right fine: thus, AF is the verſed ſine of the 
arch AB, or of the angle ACB; and Af is the verſed 
ſine of the arch AHb, or of the angle AC5. 

12. DEF. 5, The tangent of an arch, is a right 
line touching the circle in the beginning of the arch, 

roduced from thence till it meets the radius (pro- 
duced) drawn through the end of the arch, Thus, AT 
is the tangent of the arch AB, or of the angle ACB; 
and At is the tangent of the arch A776, or of the an- 
ole AC6. 

13. DEF. 6. The ſecant of an arch, is a right line 
drawn from the center through the end of the arch, 
and produced till it meets the tangent. Thus, CT is 
the 8 of the arch AB, or of the angle AC B; and 
Ct is the ſecant of the arch AH, or of the angle Cb. 

14. DEF. 7. The co-/ine of an arch, is the part of 
the diameter paſſing through the beginning of the arch, 
which is intercepted between the center and right ſine. 
Thus, C 1s tlic co-fine of the arch AB, or ot the an- 
ole ACB; and Cf is the co-ſine of the arch AH, or 
of the angle 4C6. 

15. Der. 8. The co tanzent of an arch, is a line 
touching the circle in the end of the firſt quadrant, 
produced from thence till it meets the radius (pro- 
duced) drawn through the end of the arch. Thus, 
draw IIA, touching the circle in H, meeting the ra- 
dius CB produced in K, and HK is the co-tangent of 
the arch AB, or of the angle ACB. 

16. DEF. 9. The co. ſecant of an arch, is a right 
line drawn from the center through the end of the 
arch, and produced till it meets the co-tangent. Thus, 
CK is the co ſecant of the arch AB, or of the angle 
ACB. 

17. Scho- 


TRIGONOMETRY. 219 


17. SCHOLIUM to definitions 7, 8, 9. It is mani- 
feſt, that the co-tangent and co-ſecant are referred to 
the diameter HL, paſſing through the end of the qua- 
drant, in like manner as the tangent and ſecant are to 
the diameter AD, paſſing through the beginning of 
the quadrant, 

18. It appears alſo, that the co- ſine. co-tangent, 
and co- ſecant of an arch under go degrees, or of an 
angle leſs than a right angle, are reſpectively equal to 
the ſine, tangent, and ſecant of the complement of 


that arch or angle: for, drawing BI perpendicular to 


the diameter HL, we have CF BI, but BI, HK, CK 
are reſpectively the fine, tangent, and ſecant of the 
arch HB, reckoned from H, as its beginning. But 
the arch HB is the complement of the arch AB; and 
the angle Z/CB is the complement of the angle CB: 
therefore, the co- ſine, co-tangent, and co-fecant of any 
arch or angle, are equal to the ſine, tangent, and ſe- 
cant of the complement of that arch or angle, whence 
they have their names. | 

19. Moreover: the fine, co-ſine, tangent, ſecant, 
&c. of any angle {C B, in a circle whole radius is AC 
(tig. 4.) will be to the fine, co-fine, &c. of the ſame 
angle AC, in a circle whoſe radius is AC (ſig. 3.) re- 
ſpectively, as the radius of the former circle to the 
radius of the latter circle: tor the ſeveral right an- 
gled triangles correſponding to each other in fig. 4. and 
fig. 3. having one acute angle in each equal (viz. 4CB 
in fig. 4. equal ro 4CB in fig. 3.) are cquiangular; 
therefore BF (fig. 4.) : BY (tig. 3.) :: BC (hg. 4.) : 
BC (fig. 3.), and fo in the cale of all the other cor- 
reſponding triangles, in each of which one correſpond- 
ing ſide is radius. 

20. Hence, it the radius of any circle be divided 
into 10,000,000 equal parts, and the length of the 
line, tangent or ſecant, &c. of any angle in ſuch parts 
be given; the length of the ſine, tangent, and ſecant 
of the ſame angle to any other given radius may be 
tound. A table exhibiting the length of the line, 

tans 
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rangent, and ſecant of every degree and minute of the 
firſt quadrant in ſuch parts, whereof 10,000,000 make 
the radius, is called a trigonometrical canon; and it 
will always be, as the tabular radius is to any other 
given radius, ſo is the tabular ſine, &c. of any angle 
to the ſine, &c. of the ſame angle to the given radius. 

21. COROLLARIES to the definitions. 

1. The chord of 60 degrees is radius: for then the 
triangle ACB is equiangular and equilateral. 

2. The (ine of go degrees is equal to radius. 

3. The tangent of 45 degrees is radius: for then 
the angle ACT being half a right angle, the other 
acute angle ATC mult be ſo too; the triangle ACT 
iſoſceles, and AC AT. 

4. The ſecant of o (or the beginning of the circle) 
is radius. 

5. The co-ſine of no degrees is radius, the co; ſine 
of go degrees is nothing. 

6. The verſed fine of go degrees is radius; the 
verſed fine of 180 degrees is the diameter. . 

7. Univerſally; the verſed fine is always either the 
ſum or the difference of the co-ſine and radius, viz. 
their ſum in the two middle quadrants HD and DL, 
and their difference in the two extreme quadrants AH 
and LA. 

22. SCHOLIUM. The ſeveral changes in the al- 
gebraic ſigns of all theſe lines, muſt be particu- 
larly obſerved in the application of trigonometry to 
aſtronomical and phyſical problems“. They alſo 
ſerve much to illuſtrate the uſe of the negative ſign 
in the application of algebra to ry. We ſhall 
therefore trace out all theſe changes particularly. 

23. And firſt; the fine increales from o during the 
firſt quadrant AH, when it becomes radius. After 
that it decreaſes during the ſecond quadrant HD, till 
it again becomes nothing, After this, the fines will 
lie on the contrary fide of the diameter AD, from 


whence 


5 See a remarkable inſtance in Newton's Prineipia, page 440. 
Wy 
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whence their length is computed; therefore being 
reckoned affirmative before, muſt be now reckoned 
negative. During the third quadrant DL, this nega- 
tive ſine Bf increaſes till it becomes equal to radius 
(but is negative). * the laſt quadrant LA, it 
decreaſes mM it becomes nothing, when the arch is 360 
— ; after which it is affirmative, and increaſes as 

Ore, 

24. The co-ſine, when the arch is o, is equal to 
radius, but decreaſes for the firſt quadrant AH, at 
the end of which it is nothing; after this it is nega- 
tive. For its length being computed from the center 
C, the co-ſine Cf will lie in an oppoſite direction to 
the coſine CF. This negative co; ſine increaſes dur- 
ing the ſecond quadrant HD, at the end of which it 
is equal to radius (but is negative). It decreaſes for 
the third quadrant DL, at the end of which it is no- 
thing. In the fourth quadrant LA, it is again affir- 
mative, and increaſes till it is again equal to radius, 
as before. 

25. The tangent at the beginning is nothing, and 
increaſes to infintty during the firſt bo AA; that 
is, there is no line that can be aſſigned, how great ſo- 
ever its length, but you may find an angle under go 
degrees, whoſe tangent ſhall exceed that line, ſo that 
the tangent has no limit to its increaſe, as the fine 
has. In the ſecond quadrant HD, the tangent At is 
tive: for the tangents being computed from the 
2 A, the tangent Az will lie in a direction oppo- 

te to AT. During this quadrant, it decreaſes from 
an infinite negative to nothing. In the third qua- 
drant DL, it 1s again affirmative, and increaſes trom 
nothing to infinity, juſt as in the firſt quadrant. In 
the fourth quadrant LA, it decreaſes from an infinice 
ive to nothing, as in the ſecond quadrant; after 
which it is affirmative, and increaſes as before. 

26. The ſecant at the beginning of the firſt qua- 
drant (when the arch is nothing) is equal to radius ; 
it increaſes for the firſt quadranr, at the end of which 


it 


* 
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it is infinite (in the ſenſe before explained). In the 
ſecond quadrant VD, the ſecant is negative: for the 
ſecant has its origin at the center C, and its length is 
computed from that point, to its concourſe with the 
tangent. In the firſt quadrant this length is reckoned 
from C towards B and 7; but in the ſecond quadrant 
it is reckoned (on the revolving radius) in a contrary 
direction, from C towards E to t, and is therefore ne- 
tive. During the ſecond quadrant, this negative 
ſecant decreaſes from infinity till it is equal to radius. 
In the third quadrant DL, it increaſes again from ra- 
dius to infinity, but continues all this time negative; for 
the interſection which this revolving radius (produced) 
makes with the tangent, continues on the ſame fide 
(on that revolving line) with reſpect to the point C, 
both for the ſecond and third quadrants: but in the 
fourth quadrant LA, this interſection changes to the 
oppoſite part of the revolving radius (produced) 
namely, the ſame as at firſt; therefore in the fourth 
quadrant the ſecant 1s affirmative, and decreaſes from 
infinity till it becomes radius as at firſt, Thus the 
ſecant has the ſame algebraic ſign wich the co- ſine. 

27. We may obſerve here, that the ſine and co. ſine 
never exceed radius; the ſecant and co-ſecant are never 
leſs than radius: but the tangent admits of all poſſi- 
ble degrees of magnitude. | 

28. Moreover, all theſe lines change their direc- 
tion as often as they become either infinite or no- 
thing. When they become infinite, their increaſe is 
at its utmoſt limit, and after this they change their 
direction and alſo decreaſe. When they become no- 
thing, their decreaſe is at its utmoſt limit, and they 
then increaſe again in a contrary direction. Thus 
theſe quantities change their algebraic ſigns, when 
(as ſome expreſs it) they paſs through a ſtate of infinity 
or a ſtate of nothingneſs. 

29. In like manner we may trace all the changes, 
both in the direction and in the length of the co-tan- 
gent IIK, and of the co- ſecant CK, by — 

that 
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that they are computed from the points I and C, in 
the ſame manner as the tangent and ſecant are com- 
puted from the points A and C. The co-tangent 
changing its direction every quadrant, changes its ſign 
every quadrant, and therefore has always the ſame al- 
gebraic ſign with the tangent, The co-ſecant begins 
trom infinity, and is affirmative for the two firſt qua- 
drants, and negative for the two laſt, having the ſame 
algebraic ſign with the ſine. 

30. The verſed fine increaſes from nothing during 
the two firſt quadrants, tilt it becomes the diameter, 
which is its utmoſt limit. It then decreaſes for the 
two laſt quadrants, till it hecomes nothing: but being 
always computed in the ſame direction (from A to- 

wards D) is always affirmative. 

31. The changes of the algebraic ſigns of theſe ſe» 
veral lines may be ſeen in one view, in this table. 


Sine. Co- ſine. Tan. Co- tan. Sec. Co. ſec. 


„% 444+ ++ 
24, Ou, 10 5 + — — = — + 
25 * 11 E — — + +- — — 
4 $8 126 189§ꝙæ¶ — + — — + — 


32. PROP. 1. fig. 4. Let the arches Ab and 4B, 
be ſupplements to each other, viz, 46 greater, and 
AB lels than a quadrant, then will their lines F and 
BF be equal. 5 | 

For, becauſe Ab+ AB=180= Ab+6D, therefore 
ABS =D, and the angle 6CD=BCA; but bC=BC, 
therefore the right angled triangles Cf and BC are 
equal, and f= BF, by 26. I. El. 

In like manner, Cf the co- ſine of the arch AHR is 

ual to CF the co- ſine of the arch AB; only as ir 
falls on the other ſide of the point C, from whence the 
co- ſines have their origin, it will be negative. 

Again, At the tangent, and Ci the ſccant of 4b 
are reſpectively equal to AT the tangent, ani C the 
ſecant of AB: tor, becauſe BCA or TCAZ=bCD==: CA, 
and CA is common to the two right angled triangles 

TC1 
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TCA and CA, they are equal (26. I. El.) and 4;= 
AT and CCT, only the tangent and ſecant being 
now produced in a contrary direction will be negative. 

In like manner the fine, co-fine, tangent and ſecant 
of any arch, terminating in the third quadrant DL, 
will be the ſame with that of an arch equal to the ex- 
ceſs of the propoſed arch above a ſemi-circle. Thus, 
the ſine of the arch AZD8B is Bf, and is equal to B F 
the ſine of the arch AB=DB. 

The fine, co- ſine, tangent and ſecant of an arch ter- 
minating in the fourth quadrant LA, will be the ſame 
with that of an arch equal to the ſupplement of the 
propoſed arch to a whole circle. us, the fine of 
the arch AHDLE is EF, and is equal to BF, the 
fine of the arch 4 B=AE, the ſupplement of AHDLE 
to a whole circle. 

The verſed fine Af of an arch 4b above one, but 
under two quadrants, is equal to the difference be- 
tween the verſed fine of its ſupplement and the dia- 
meter; that is, AFZAD—AF: for, becauſe CFC, 
therefore Af=DF=AD—AF. 

The verſed ſine of an arch above two quadrants is 
(not merely equal, but) the ſame with the verſed ſine 
of its ſupplement to a whole circle. Thus, the verſed 
ſine of the arch AH DP and alſo of the arch AE LB 
= rather its equal ABH6) is Af. And the verſed 

ine of the arch AHDLE, and of the arch 4B=AE, 
is in both caſes AF. 

From the foregoing propoſitions it follows, that a 
table of ſines, tangents, ſecants and verſed fines, made 
for every degree and minute of the firſt quadrant, 
will ſerve for the whole circle. 

32. PROP. 2. fig. 4. The right angled triangles 
BCF, TCA, CKH, having the ſeveral acute angles 
BCF, TCA, CK H(29. I. El.) equal, are cr; 
whence we have the tollowing analogies. 


a CF BF CA TA 
: Co-line, Sine. Radius. Tangent. 


20 
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5 CF CB CaSC8y CT 

Y Co-ſine. Radius, Radius. Secant. 
4 BF CS CSS . CA 

3 Sine, Radius, Radius. Co-iecant, 
th BF CF CH HE 

4 Sine, Co-ſine. Radius. Co-tangent. 
th TA G A IP - / 4 

5 Tangent. Radius. Radius. Co tangent. 


Hence the radius is a mean proportional between the 
co- ſine and ſecant, or between the fine and co- ſecant, 
or between the tangent and co-tangent. 

33. PROP. 3. fig. 4. The ſine of any arch is equal 
to half the chord of double the arch. 

Ler BF be the ſine of the arch 4B, produce B F 
till it meet the circle again in E, and BF= half BE 
(3. III. El.). But BCF=ECF (8.1. El.) therefore 
the arch AB is equal to the arch AE {26. III. El.) and 
the arch BAE is double the arch AB; but BE is the 
chord of the arch BAE, therefore the ſine of any arch 
is half the chord of double that arch. 

Cok. The ſine of 30 degrees is half the radius. 

Converſely. The chord of any arch is double the 
ſine of halt that arch; for, let BE be the chord of the 
arch BAE, draw the radius CA perpendicular to BE, 
and cutting it in F; then BF 1s the right line of the 
arch BA: but BE is double of BF (3. III. El.) and 
the arch BA is half the arch BE, by 8. I. El. and 26. 
III. El. as before; therefore the chord is double the 
ſine of half the arch. 

34. PROP. 4. fig. 5. On the diameter AD deſcribe 
a ſemicircle ABD; draw AB the chord and BF the ſine 
of the arch AB, draw the radius CLM perpendicular 
to the chord in L, and cutting the circle in M; then 
will this radius C LM biſect the chord AFB in L (3. III. 
El.) and the arch AMB in M. as in par. 33. More- 
over AL will be the ſine of the arch AM, and CL its 
co-ſine, Laſtly, join DB, and the triangle ABD will 
be right angled at B (31. * El.) and will be divided 


by 


. 
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by BF, a perpendicular drawn from the right angle 
to the baſe, into two triangles AFB and DFB, ſimilar 
to the whole and to each other (8. VI. El.). Alſo, 
the right angled triangles ALC and ABD, having the 
acute angle LAC common, are ſimilar to one another 
and to the two triangles AFB and DFB. This pre- 
miſed, the triangles DAB and BAF give the follow- 
ng analogy; DA: BA:: BA: AF; that is, the chord 
of any arch is a mean proportional between the dia- 
meter and verled ſine of that arch. 

Hence DA: AF:: DA*: BA*:: CA: AL; that is, 
the diameter is to the verſed ſine of any arch, as the 
ſquare of radius to the ſquare of the right ſine of half 
that arch. 

From the triangles CAL and BAF, we have CA: 
AL :: AB or 2AL : AF; that is, radius is to the 
fine of any arch AM, as twice that ſine to the verſed 
ſine of AMB double that arch. 

Hence the ſquare of the right ſine of any arch is as 
the verſed ſine of double that arch. 

From the ſame triangles we have CA: CL:: AB 
or 2AL : BF, that is, radius is to the co- ſine of any 
arch AM, as twice the fine of that arch is to the ſine 
of AMB double that arch. 

Hence the rectangle under the fine and co-ſine of 
any arch, is as the {ine of double that arch. 


The application of trigonometry to the meaſuring 
the ſides and angles of triangles deſcribed on a plane, 
or PLANE TRIGONOMETRY properly ſo called. 


35. PROP. 5. In any right angled triangle ABC 
(fig. 6.) it the hypothenuſe AC be made radius, the 
perpendicular BC becomes the fine, and the baſe 4B 
the co-line of the angle at the baſe CTB. If the baie 
AB (fig. 7.) be made radius, the perpendicular BC 
becomes the tangent, and the hypothenuſe AC the ſe- 
cant of the angle at the baſe CAB, This is maniteſt 
from the definitions. 

CoR, Hence by par. 20. in any right angled triangle, 

it 
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if one ſide and an acute angle, or two ſides only be 
given, the remaining ſides and angles may be found. 

36, PROP. 6. The ſides of any triangle are to one 
another as the fines of their oppoſite angles. Thus, 
in the triangle ABC (fig. 8. and 9.) the fide AB is 
to the ſide AC, as the ſine of the angle ACB, oppo- 
ſite to the former ſide AB, is to the fine of the angle 
ABC, oppoſite to the latter ſide AC, 

DEMONSTRATION from Dr. Simſon (fig. 8. and g.) 
From C and B draw CD and BE perpendicular to the 
oppoſite ſides AB and AC (produced if need be, fig. 
9.). Then if C be m:de the center, and BC the radius 
of the circle, BE will be the fine of the angle AC B; but 
if B be made the center, and the ſame BC the radius, 
CD will be the fine of the angle ABC. Now, the 
right angled triangles ADC and AEB, having the 
acute angle at 4 common, are equiangular; therefore 
AB: AC:: BE: CD, or AB to AC as the fine of the 
angle ACB to the ſine of the angle ABC. 
EMONSTRATION from Mr. T. Simpſon (fig. 10.) 
On the fide BA (produced if need be) take B ES CA. 
and let fall the perpendiculars AD and EF, which 
will be the fines of the angles ACB and ABC to the 
equal radii CA and BE: but the right angled trian- 
gles ADB and EFB, having the acute angle at B 
common, are equiangular ; therefore AB: EB or AC 
:: AD: EF, thatis, AB to AC, as the fine of the angle 
ACB to the ſine of the angle A BC. 

Co. 1. Hence in any triangle, if a ſide and angle 
oppoſite to each other be given, and alſo one other 
ſide, or one other angle, the remaining ſides and an- 
gles may be found. | 

CoR. 2, Hence, if all the angles of any triangle 
be given, the proportion of the ſides to one another 
may be found. 

37. LEMMA. If the ſemi-ſum and ſemi-difference 
of any two quantities be added together, the azgregate 
will be the greater quantity: and if the ſemi-differ- 
ence be ſubtracted from the ſemi-ſum, the remainder 

"P23 will 
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will be the leſs quantity. This is demonſtrated by all 
the writers on algebra. See Introduction to Algebra, 
par. 217. 

Cok. If the ſemi-ſum be ſubtracted from the greater 

quantity, the remainder will be the ſemi- difference. 

38. PROP. 7. In any triangle, where the perpen- 
dicular from the vertex falls within the baſe, the baſe 
will be to the ſum of the ſides, as the difference of the 
ices is to the difference of the ſegments of the baſe 
made by the perp endicular. 

Let 4BC (lig. 11.) be the propoſed triangle, C the 
vertex, AB the baſe, CD the perpendicular, dividin 
the bale into the ſegments AD and BD. With the 
center C and radius CB, the leſs of the two ſides, de- 
ſcribe a circle, cutting the baſe in G, the ſide AC in 
F, and that fide produced in I; then will AH be the 
ſum of the ſides AC and CB, and AF their difference. 
Again (becauſe DB and DG are equal, by 3. III. El.) 
AG will be the difference of the ſegments AD and 
DB; but by 37. III. El. ABx AG= AHXAF;, 
therefore AB: AI:: AF: AG, 16. VI. El.; that is, 
the baſe is to the lum of the ſides, as the difference of 
the ſides to the difference of the ſegments of the baſe. 

CoR, In any triangle ABC, it a perpendicular be 
let fall from the greateſt angle, it will always fall 
within the oppoſite ſide or bale, and will divide the 
triangle into two right angled triangles CD and 
BCD, whoſe hy pothenules, AC and BC, are the ſides 
of that triangle, and whoſe baſes, AD and B D, aic the 
ſegments of the bate of thar triangle. Now, if all the 
three ſides ct the triangle ABC be given, then the 
baſe 4B, or ſum of the ſegments AD, DB is given, 
and their difference may be found by this propoſition, 
but if their ſum and difference be known, the ſeg- 
ments themlelves may be found by the lemma. Thus, 
in each of the two right angled triangles ACD and 
BCD, we have the hypothenuſe (AC and EC) and 
the baſe (AD and BD), whence the angles at the baſe 
CAD and CBD may be found by prop. 5.; conſe- 


quently 


— 
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quently all the angles of the triangle ABC are known + 


by cor. 32. I. El. 

39. PRop. 8. In any triangle, the ſum of any two 
ſides is to their difference, as the tangent of the ſemi- 
ſum of the angles at the baſe to the tangent of their 
ſemi-difference. 

Let ABC (fig. 12.) be the propoſed triangle, whoſe 
ſides are AC and BC, and baſe AB, with the radius 
CB (the leſs of the two ſides) and center C, deſcribe a 
circle cutting the longeſt fide AC in F, that fide pro- 
duced in H; then is AH the ſum of the ſides AC and 
CB, and AF their difference. Join FB and HB, 
then is the angle HC B the ſum of the angles at the 
baſe (by 32. I. EL), and HF is half the angle HCB 
(by 20. III. El.), or the ſemi-ſum of the angles at the 
baſe. Now the triangle FC is iſoſceles, and CFB= 
CBF (by 5.1. El.), therefore CBF is alſo the ſemi- 
ſum of the angles at the baſe: but ABF=CBA— 
CBF, that is, ABF is the difference between the 
ter of the angles at the baſe, and their ſemi-ſum, 
therefore, by cor. to lemma, par. 37. AB is the ſemi- 
difference of the angles at the baſe. 

Laſtly, draw FE parallel to B A, and the angle EFB 
HBF (by 29. I. El.); that is, equal to a right an- 
gle (by 31. III. El.): therefore if F be made the center 
and FB the radius, HB will be the tangent of HB, the 
ſemi-ſum of the angles at the baſe; and if B be made 
the center, and the ſame FB the radius, then FE will 
be the tangent of EBF the ſemi- difference of the an- 
gles at the baſe. But the triangles AFE, AHB, 
having the angles AFE and AFB equal (29.1. El.) 
and the angle at A common, are ſimilar ; therefore 
AH: AF:: HB: EF; that is, the ſum of the ſides 
is to the difference of the ſides, as the tangent of the 
ſemi-ſum of the angles at the baſe to the tangent of 
their ſemi-difterence, 

Cor. Hence, if the ſides AC and BC of any trian- 
ole, and the angle AC included between thole ſides, 
be given, the reſt of the ſides and angles may P 

1 found. 
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found. For, from the included angle ACB, we get 
its ſupplement to 180 degrees, equal to HC B; half 
of which is the ſemi- ſum of the angles at the baſe, and 
their ſemi- difference will be found by this propoſition. 
Having the ſemi-ſum and ſemi-difference of the angles 
at the baſe, the angles themſelves, CBA and CAB, 
may be found by the lemma, par. 37. Having thus 
got all three angles and two ſides, the remaining fide 
may be found by prop. 6. 


PROBLEMS for the Exerciſe of Learners. 


Note. Before the learner ſets about the ſolution 
of theſe problems, he ſhould make himſelf acquainted 
with decimal fractions, and the practical uſe of the 
tables of logarithms, ſines and tangents; all which is 
briefly taught in the introduction uſually prefixed to 
thoſe tables. 

1. The height of a certain tower is obſerved to be 
65 degrees, and the diſtance from the foot of the 
tower to the place of obſervation was meaſured 80 
feet: What is the height of the tower *? 

2. It was obſerved, that a ladder 40 feet long would 
Juſt reach to the top of a building, when the foot of 
the ladder was 15 feet from the bottom of it: What 


The word beigbt may be taken in two ſenſes, it may either 
mean an angle, and then its quantity is given in degrees, &c. ; 
or it may mean a linear meaſure, and then it is given in yards or 

t. &c. 
bey ber the height of an object is given in degrees, &c. it means 
the angle which a line drawn from the ſummit of the object to 
the eye, makes with the horizontal plane, on which both the ob- 
jeR and obſerver are ſuppoſed to ſtand, When the height of the 


ſun or a ſtar is given in degrees, it means the angle which a line 


drawn from the center of the ſun, or ſtar, to the eye of the ob- 
ſerver, makes with the horizon, or with the horizontal plane on 
which the obſerver ſtands. But height alſo means the linear 
meaſure of any column, &c. ſtanding perpendicularly on an ho- 
rizontal plane. This is properly the perpendicular height; but 
the word height is here uſed without any diſtinctiou, it is left to 
the learner to find that out from the nature of the queſtion. 


PROBLEMS. 231 


is the height of that building? and, What is the in- 
clination of the ladder to the horizon ? 

3. What muſt be the length of a ſcaling ladder to 
ſcale a tower, whoſe height is 67* : 41%, acroſs a ditch 
16 feet broad? 

4. A tower, whoſe height is known to be 100 feet, 
ſubtends an angle of 25 degrees (with the horizon): 
What is the diſtance of the obſerver ? 

5. What angle will that tower ſubtend, whea the 
obſerver is twice as far from the tower? and, What 
angle will it ſubtend, when he is only half as tar? 

6. What is the height of the ſun, when a man's 
ſhadow is half his height? and, What is the heighc 
of the ſun, when a man's ſhadow is double his own 
height ? 

7. There are three towns A, B and C, at A the 
towns B and C make an angle of 20“: 12; at B, the 
towns A and C make an angle of 384: 30; laſtly, 
from A to B meaſures two miles and three quarters: 
What is the diſtance of C from A, and from B? 

8. A man travels from A to B, three miles and 
veths: then, bending a little to the right, he goes from 
B to C, which is four miles and /7;ths; at C he ob- 
ſerves that A and B now make an angle of 297“: 16": 
What is his diſtance from home by the ſhorteſt cut ? 

9. A man travels from A to B, three miles and 
voths; returning back in a miſt he loſes his way, and 
going a little too much on the right hand comes to C, 
which is four miles and YZ;ths from B. It now clear- 
ing up, he could fee both A and B, and obſerves that 


they now make an angle of 29“: 16*: What is now 


his diſtance from home “*? 


10. There are three towns A, B and C; from A to 
C is three miles and three furlongs; from B to C is 


four 


® This problem at firſt ſight ſeems not to differ from the laſt. The 
anſwer to the former problem is, that his diſtance from home is 
7 miles; the anſwer to the latter is, that his diſtance from home 


is 1 mile and F;ths of a mile. It is left to the learner to make 
this out. 
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four miles and five furlongs f. Between A and B 
lies a large wood, which prevents theſe towns from 
being ſeen from each other, or their diſtance from be- 
ing meaſured. However, A and B are both viſible 
from C, and there make an angle of 714%:2". How f 
muſt ] cut a viſta through that wood, ſo that the 
towns A and C may be ſeen from each other, and 
what will be their diſtance? 

11. There are three towns A, B and C: the town 
A is diſtant from B five miles, B is diſtant from C 
ſeven miles, and C is diſtant from A nine miles: What 
are their reſpective bearings from each other? 

And ſuppoſe their reſpective diſtances had been one 
mile, three miles, and five miles: What would have 
been their bearings in that caſe? 

12. How may I plant three trees, ſo that the an- 
gles they ſhall make with each other may be 50, 60 
and 70 degrees? 

13. How muſt three trees, A, B and C, be planted, 
ſo that the angle at A may be double the angle at B, 
and the angle at B may be double the angle at C, and 
ſo that a line of 100 yards may juſt go round them ? 

14. The height of a certain tower was obſerved to 
be 20 degrees. The obſerver intended to meaſure 
his diſtance from the foot of the tower to obtain its 
-height, as in problem 1. But when he had meaſured 
out 85 feet in a direct line towards the tower, he was 
ſtopped by a ditch: however, the height of the tower 
was again obſerved, and found to be 314: 34”: What 
is the height of the tower? and, How much did the 
obſerver want of getting to the tower, when he was 
ſtopped by the ditch? | | 

15. On the 21ſt of May, between 8 and 9 in the 
morning, the ſun being then on the ES E (eaſt ſouth 
eaſt) point of the compaſs, and his altitude 384: 49m, 


a ſmall cloud was oblerved in the SW (ſouth weſt), 
whoſe 


+ Note, Eight furlongs make a mile, 


t It is left to the learner to find out the import of this word 
« How ? 
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whoſe ſhadow fell on a ſpot of ground due weſt from 
the place of obſervation, and whoſe diitance was known 
to be juſt one mile and an half: What was the height 
of that cloud above the ſurface of the earth, and over 
what place was it perpendicular *? 

16. There is a certain mountain, the perpendicular 
height of whoſe ſummit above the neighbouring plane 
is required. To determine this, two ſtations were 
found upon the plane in ſight of the higheſt clif, 
and in fight of each other. At the firſt ſtation, 4 
the height of the cliff was obſerved to be 22*: 49", 
and the angle between the cliff and ſecond ſtation B, 
was found to be 39“: 10", At the ſecond ſtation B, 
the angle between the cliff and firſt ſtation A, was 
obſerved to be 48d: 450. Laſtly, the diſtance between 
the two ſtations was meaſured, and found to be 240 


yards. What is the height of the cliff above the plain? - 


and, What part of the baſe line (or that line produc- 
ed) is the neareſt to the cliff? 

17. In order to complete ſome chorographical ob- 
ſervations about Cambridge, it was neceſſary to mea- 
ſure exactly the diſtance between the obſervatory at 
Trinity college and St, Mary's ſteeple; but this could 
not be done by direct meaſurement, by reaſon of the 
houſes between them; therefore recourſe was had to 
other methods. Two ſtations were choſen in the 
fields behind Trinity college, from each of which, the 
obſervatory, St. Mary's, and the other ſtation, could 
be all three ſeen at once. At the firſt ſtation, the an- 
gle made by the top of the obſervatory and the top of 


tween the top of the obſervatory and ſecond ſtation, was 
found to be 60“: go. The angle between the top 
of St. Mary's ſteeple and the ſecond ſtation, was found 
to be 46*: 16", Theſe obſervations at the firſt ſtation 
being compleated, the inſtruments were removed 15 


Note, the compaſs confiſts of 32 points. The ESE is two 
of thoſe points diſtant from the Eaſt towards the South. The SW 


is four of thoſe points diſtant from the South towards the Weſt. 
. 


t. Mary's ſteeple, was 144: 34. The angle be- 


* 
o 
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: the ſecond ſtation. At the ſecond sean, the 


between the two ſtations was 


„ „„ 


Fs 


between the top of the 
was found to 


top of St. Mary's 
to be 115%: 23", 


Laſtly, the buſe live or diftance 


found to be 908,36 feet. 
What is the horizontal diſtance between the obſer. 


vatory and St. _- s ſteeple from theſe d 
Firſt, 1 ng the two buildings of the ſame 
1 — qo obſervatory to be 
Secondly, Suppoling 7 
feet, and St. Mary's ſteeple 95,25 2 compute 
674,20 feet. Hence the 1 in 


ſtance of theſe two buildings, rom a neg 
of the inequality of their heights, is * 21 8 chan 


foot, and is altogether inconſiderable. 


N. B. All the meaſures here laid down, were taken 
with great exactneſs, by the late Dr. Maſon, Fellow 
of Trinity College, Cambridge. 


in the Proi, ond rnd will be pudiifhed, 


Marus dart at Kart on the 


m 


